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the bronze medalist. So there are 8 × 7 × 6 = 336 possibilities for the list of
the medalists. Our task ends here. Indeed, as the remaining runners do not
get any medals, their order does not matter.

Generalizing the ideas explained above, we get the following theorem.

Theorem 1.17 Let n and k be positive integers so that n ≥ k. Then, the
number of ways to make a k-element list from [n] without repeating any ele-
ments is

n(n− 1)(n− 2) · · · (n− k + 1).

Proof: There are n choices for the first element of the list, then n− 1 choices
for the second element of the list, and so on; finally, there are n−k+1 choices
for the last (kth) element of the list. The result then follows by the product
principle. ♦

The number n(n− 1)(n − 2) · · · (n − k + 1) of all k-element lists from [n]
without repetition occurs so often in combinatorics that there is a symbol for
it, namely,

(n)k = n(n− 1)(n− 2) · · · (n− k + 1).

Note that Theorem 1.15 is a special case of Theorem 1.17, namely, the
special case when n = k.

Let us discuss a more complicated example, one in which we need to use
both addition and multiplication.

Example 1.18 A student cafeteria offers the following special. For a certain
price, we can have our choice of one out of four salads, one out of five main
courses, and something for dessert. For dessert, we can either choose one out
of five sundaes, or we can choose one of four gourmet coffees and, no matter
which gourmet coffee we choose, one out of two cookies. How many different
meals can a customer buying this special have?

Solution: We can argue as follows. The customer has to decide whether
he prefers a sundae or a gourmet coffee with a cookie. As he cannot have
both, the set of choices containing a sundae is disjoint from the set of
choices containing a gourmet coffee and a cookie. Therefore, the total num-
ber of choices will be the sum of the sizes of these two sets. Now, let
us compute the sizes of these sets separately. If the customer prefers the
sundae, he has four choices for the salad, then five choices for the main
course, and then five choices for the sundae, yielding a total of 4 · 5 · 5 =
100 choices. If he prefers the gourmet coffee and the cookie, then he has
four choices for the salad, five choices for the main course, four choices for the
coffee, and finally two choices for the cookie. This yields a total of 4·5·4·2 = 160
choices. So the customer has 100 + 160 = 260 choices.

Alternatively, we could count as follows. The customer has to choose the
salad, then the main course. Up to that point, he has 4 ·5 = 20 choices. Then,
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he either chooses a sundae, in one of five ways, or a coffee and a cookie, in
4 · 2 = 8 ways. So he has 5+8 = 13 choices for dessert. Therefore, if dessert is
considered the third course, he has 4 · 5 · 13 = 260 choices, in agreement with
what we computed above. ♦

Example 1.19 A college senior will spend her weekend visiting some gradu-
ate schools. Because of geographical constraints, she can either go to the north,
where she can visit four schools out of the ten schools in which she is inter-
ested, or she can go to the south, where she can visit five schools out of eight
schools in which she is interested. How many different itineraries can she set
up?

Note that we are interested in the number of possible itineraries, so the
order in which the student visits the schools is important.

Solution: (of Example 1.19) The student can either go to the north, in which
case, by Theorem 1.17, she will have (10)4 possibilities, or she can go to the
south, in which case she will have (8)5 possibilities. Therefore, by the addition
principle, the total number of possibilities is

(10)4 + (8)5 = 10 · 9 · 8 · 7 + 8 · 7 · 6 · 5 · 4 = 5040 + 6720 = 11760.

♦

Quick Check

1. How many three-digit positive integers are there in which all digits
are divisible by 3?

2. How many three-digit positive integers are there in which all digits
are divisible by 3 and no digit is repeated?

3. What is the number of permutations of the digits 1, 2, 3, 4, 5, and
6 in which each digit in an even position is larger than each digit in
an odd position?

1.3 When we divide

We sometimes make choices that look different, but for the purposes of our
current counting problem, they are not really different. We have to take this
into account so that we do not count the same choice more than once.


