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two copies of C, and two copies of D in a line. By Theorem 1.41, the number
of ways to do this is (

8

2, 2, 2, 2

)
=

8!

24
= 2520.

However, some of these arrangements are forbidden by the requirement that
the two visits to A not be on consecutive days. In order to count the number
of these bad arrangements, let us glue together the two copies of A. In other
words, let us replace the two copies of A by a single symbol A′. Then, the
number of ways to list our seven symbols (A′, and two copies of each remaining
letter) is, by Theorem 1.41,

(
7

1, 2, 2, 2

)
=

7!

23
= 630.

Therefore, by the subtraction principle, the number of good arrangements is
2520− 630 = 1890. So this is the number of ways in which the controller can
plan her visits for the next eight days. ♦

Example 1.43 Let us assume that in a given year the National Basketball
Association has 28 teams, which are split into two conferences of 14 teams
each. These conferences are split into divisions. The Atlantic Division con-
sists of five teams. Each of these five teams plays four games against each of
the other four teams in the division, three games against each of the remain-
ing teams of the conference, and two games against each team in the other
conference, for a total of 4 · 4 + 3 · 9 + 2 · 14 = 71 games. The Orlando Magic
plays in the Atlantic Division. In how many different orders can the 71 games
of the Magic be scheduled?

Solution: Let us represent the 27 opponents of the Magic with 27 different
letters; then each possible schedule corresponds to a word of length 71. The
four letters corresponding to the other teams of the Atlantic Division will occur
four times each in this word, the 9 letters corresponding to the remaining
teams of the conference will occur three times each, and the remaining 14
letters, corresponding to the 14 teams of the other conference, will occur twice
each. Therefore, the total number of possible schedules is

71!

4!4 · 3!9 · 2!14 =
71!

244 · 69 · 214 .

♦

Finally, we mention that, just as binomial coefficients had an important
algebraic application—the binomial theorem—multinomial coefficients have
an analogous application, called themultinomial theorem. The reader is invited
to check Supplementary Exercise 29 for this theorem, and then the reader is
invited to prove that theorem.
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Quick Check

1. A frog is sitting on the number line at x = 0. At any point of time,
the frog can jump one unit to the right, or one unit to the left,
but it can never go to the left of x = 0. Prove that the number of
sequences of 2n jumps that end at x = 0 is equal to the number of
2× n Standard Young Tableaux.

2. Prove the identity

n∑
k=0

(
n

k

)
2k · (−1)n−k = 1.

3. What is the number ways to list the entries 1, 1, 1, 2, 2, and 3 so
that the first entry of the list is not the same digit as the last entry
of the list?

1.5 The pigeonhole principle

The pigeonhole principle is almost as simple to state as the addition princi-
ple. However, it turns out to be a very powerful tool that has a plethora of
surprisingly strong applications.

Theorem 1.44 (Pigeonhole principle) Let A1, A2, · · · , Ak be finite sets
that are pairwise disjoint. Let us assume that

|A1 ∪A2 ∪ · · · ∪ Ak| > kr.

Then there exists at least one index i so that |Ai| > r.

In other words, if the union of a few disjoint sets is “large,” then at least one
of those sets must also be “quite large.” This is something you have probably
experienced when scheduling classes for a busy week. If you want to schedule
more than 20 hours of classes for a five-day week, then you will have more
than four hours of classes on at least one day.

A classic way of thinking about the pigeonhole principle is by boxes and
balls (which seems more humane than putting pigeons into holes). If we dis-
tribute more than kr balls in k boxes, then at least one box will have more
than r balls.

The proof of the pigeonhole principle is an example of a standard proof
technique. We prove the theorem by showing that its opposite is impossible.
That is, we assume that the opposite of our statement is true (that is, in
this case, we assume that there is no index i so that |Ai| > r holds), and
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we derive a contradiction from this assumption. This procedure is called an
indirect proof or proof by contradiction.

Proof: Let us assume that the statement we want to prove is false. Then
|Ai| ≤ r holds for each i. Therefore,

|A1 ∪A2 ∪ · · · ∪Ak| = |A1|+ |A2|+ · · ·+ |An| ≤ kr,

which contradicts our original assumption that |A1 ∪A2 ∪ · · · ∪Ak| > kr. ♦

Example 1.45 There are at least eight people currently living in New York
City who were born in the same hour of the same day of the same year.

While the population of New York City keeps changing day by day, it is
safe to assume that it is always over 7.5 million people.

Solution: We can safely assume that all residents of New York City are no
more than 120 years old. Therefore, they were born at most 120 years ago. As
each year consists of at most 366 days, the people we are considering are at
most 120 · 366 = 43920 days old. The number of hours in that many days is
k = 24 · 43920 = 1054080.

Now let A1 be the set of NYC residents who were born at the first eligible
hour, let A2 be the set of NYC residents who were born at the second eligible
hour, and so on, with Ak denoting the set of NYC residents who were born
in the last eligible hour (that is, the hour that is ending now). Then we know
that

|A1 ∪A2 ∪ · · · ∪Ak| ≥ 7500000, (1.11)

because the union of all the Ai is the population of New York City. Let us
now apply the pigeonhole principle with r = 7. As k = 1054080, we see that
the left-hand side is larger than 7k, so at least one of the Ai must contain
more than seven people. ♦

A frequently applied special case of the pigeonhole principle is when r = 1.
In that case, the principle says that if k boxes altogether contain more than
k balls, then at least one box has to contain more than one ball. Even this
simple special case has interesting applications, as we will see below.

Example 1.46 Consider the sequence 1, 3, 7, 15, 31, . . ., in other words, the
sequence whose ith element is ai = 2i − 1. Let q be any odd integer. Then our
sequence contains an element that is divisible by q.

This is a rather strong statement. We did not say anything about q other
than it is odd. Therefore, our statement holds true for q = 17 just as much as
for q = 2007, or q = 3542679. All these numbers have a multiple that is one
less than a power of two.
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Solution: Consider the first q elements of our sequence. If one of them is
divisible by q, then we are done. If not, then consider their remainders modulo
q. That is, let us write

ai = diq + ri,

where 0 < ri < q, and di = �ai/q�. As the integers r1, r2, · · · , rq all come from
the open interval (0, q), there are q − 1 possibilities for their values. On the
other hand, their number is q, so, by the pigeonhole principle, there have to
be two of them that are equal. Say these are rn and rm, with n > m. Then
an = dnq + rn and am = dmq + rn, so

an − am = (dn − dm)q

or, after rearranging,

(dn − dm)q = an − am

= (2n − 1)− (2m − 1)

= 2m(2n−m − 1)

= 2man−m.

As the first expression of our chain of equations is divisible by q, so too must
be the last expression. Note that 2n−m is relatively prime to any odd number
q, that is, the largest common divisor of 2n−m and q is 1. Therefore, the
equality (dn − dm)q = 2n−man−m implies that an−m is divisible by q. This
completes the solution. ♦

In what follows, we will write [n] for the set {1, 2, · · · , n}, that is, the set
of the first n positive integers.

Example 1.47 Let us arbitrarily select n + 1 distinct integers from the set
[2n]. Then there is at least one pair of selected integers whose sum is 2n+ 1,
and there is at least one pair of selected integers whose difference is n.

Solution: Let us split our set into n subsets, namely, the subset {1, 2n}, the
subset {2, 2n− 1}, and so on, the generic subset being {i, 2n+ 1 − i}, where
1 ≤ i ≤ n. As we have selected n + 1 integers and have split [2n] into only
n two-element subsets, the pigeonhole principle implies that there has to be
a two-element subset X so that both elements of X have been selected. The
sum of the elements of X is 2n+ 1; therefore, our first claim is proved.

Now let us split [2n] into the n subsets {1, n+ 1}, {2, n+ 2}, and so on,
the generic subset being {i, n+ i}, where 1 ≤ i ≤ n. Again, by the pigeonhole
principle, one of these n subsets, say Y , must consist of two selected integers.
However, the difference between the two elements of Y is n, and our second
claim is proved. ♦
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Based on the previous two examples, the reader might think that the
pigeonhole principle can only be applied to problems in which all relevant
objects are integers. This is far from true, as shown by the following example.

Example 1.48 Let p be any positive irrational number. Then there exists a
positive integer n so that the distance between np and the closest integer is
less than 10−10.

There is nothing magical about 10−10 here, we just chose it to represent
“tiny number.” In other words, the example claims that the multiples of any
irrational number can get as close to an integer as we like. This is often
expressed by saying that the set of irrational real numbers is dense within the
set of all real numbers.

Solution: Let us represent the set of all positive real numbers by a circle, as
shown in Figure 1.11. That is, we think of the circle as having circumference 1,
and two real numbers are represented by the same point on the circle if their
difference is an integer.

1,2,3....

1.5, 2.5, 3.5,......

1.75, 2.75, 3.75,.... 1.25, 2.25, 3.25,....

Figure 1.11
A circle representing R+.

Now let us divide the perimeter of the circle into 1010 equal parts. (Figure
1.11 shows a subdivision to 12 parts for better picture quality.) Let us take
the first 1010 + 1 elements of the sequence p, 2p, 3p, · · · . Since there are only
1010 arcs, by the pigeonhole principle there has to be one arc T that contains
at least two elements of this sequence. Let ip and jp be two such elements,
with i < j. Then this implies that the distance from (j − i)p to the nearest
integer is less than the length of the arc T , that is, 10−10. ♦


