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Counting magic squares and magic cubes

In earlier chapters, we considered various distribution problems. Now we are
returning to that topic, but our distribution problems will now be, in a sense,
multidimensional.

10.1 A distribution problem

Let us assume that we have to distribute 60 building blocks among three
children. Let us say that 20 of the blocks are red, 20 are blue, and 20 are
green. To preserve world peace, it is our intention to give 20 blocks to each
child. In how many different ways can this be done if blocks of the same color
are identical? (Note that the problem is not too interesting if even blocks of
the same color are different; indeed, in that case all blocks are different, and
the answer is

(
60
20

) · (4020
)
.)

This distribution problem is more difficult than the ones we have seen in
earlier chapters. In order to understand the problem better, we will represent
a possible distribution by a square grid, as shown in Figure 10.1.
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Figure 10.1
A possible distribution.

Note that the sum of the elements in each row is equal to 20 (as each
child gets 20 blocks), and the sum of the elements in each column is equal
to 20, since there are 20 blocks of each color. This observation motivates the
following definition.
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Definition 10.1 A magic square is a square matrix with nonnegative integer
entries in which all row sums and column sums are equal.

Other definitions of magic squares exist. For instance, we could require
that diagonals also have the same sum as rows and columns, or we could
require that no rows or columns contain the same number twice. In this book,
however, we will only use Definition 10.1.

Note that, in a magic square, it cannot happen that all row sums are equal
to a, and all column sums are equal to b, while a �= b. Indeed, that would mean
that the sum of all elements in the magic square is equal to na when counted
by rows and to nb when counted by columns, which would be a contradiction.

This problem can be generalized in at least two directions. Let us call rows
and columns by the same word lines, and let Hn(r) be the number of magic
squares of size n × n with line sum r. Our example asked what the value of
H3(20) was. Instead, we could ask what the value of H3(r) is for any given
line sum r, or we could ask what the value of Hn(60) is for any side length
n. In other words, we could keep the size of the magic square fixed and study
how Hn(r) changes in function of r, or we could keep the line sum r fixed and
see how Hn(r) changes in function of n.

Quick Check

1. Compute H3(1) and H3(2).

2. The solution of the previous Quick Check exercise shows that

H3(2) =
(H3(1) + 1) ·H3(1)

2
. (10.1)

Explain what causes this equality to hold.

3. If we increase the size of our magic squares from 3 to 4, then the
equality analogous to (10.1) will not hold. Explain why.

10.2 Magic squares of fixed size

Let us start with small fixed values of n. If n = 1, then there is only one way
to construct a magic square of size n×n having line sum r, namely, by setting
its only entry to r. Therefore, Hn(r) = 1.

This was not terribly difficult. The case of n = 2 is not very complicated
either. Indeed, if we know the top left element of a 2 × 2 magic square with
line sum r, we can compute all its elements, as shown in Figure 10.2.

Because x and r−xmust be nonnegative integers, we must have 0 ≤ x ≤ r,
which leaves r+1 possibilities for x. Since x completely determines the magic
square, H2(r) = r + 1 follows.


