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Let us assume thatH is a magic square counted byHn(2) that contains exactly

k entries that are equal to 2. There are
(
n
k

)2
k! ways to choose the location of

these k entries. Then we must fill out the remaining (n− k)× (n− k) grid so
that each row and column contains two entries equal to 1. This can be done
in Tn−k(2) ways. This proves that (10.20) holds, completing the proof of the
lemma. ♦

Finally, we are in a position to state and prove our formula for the numbers
Hn(2).

Theorem 10.19 For all positive integers n ≥ 1,

Hn(2) =
n!

2n

n∑
k=0

(
n

k

)
n!(2n− 2k − 1)!!. (10.21)

Proof: By Lemma 10.18, Hn(2) is the coefficient of xn/(n!)2 in H(x) =
ex/2/

√
1− x. On one hand, we have

ex/2 =
∑
k≥0

xk

2kk!
.

On the other hand, we have recently computed (1− x)−1/2 in (10.18). Using
that formula, we get that

H(x) =
∑
n≥0

xn
n∑

k=0

(2n− 2k − 1)!!

k!(n− k)! · 2n .

Note that the computation is the same as in the proof of Corollary 10.17, but
with the (−1)k omitted. This shows that the coefficient Hn(2) of x

n/(n!)2 in

H(x) is
∑n

k=0 (
n
k)n!(2n−2k−1)!!

2n as claimed. ♦

A couple of questions are in order. Is there a reasonably simple proof of this
formula that does not use generating functions? If yes, does that combinatorial
proof explain the 2n term in the denominator? Note that it is certainly not
obvious why n!

∑n
k=0

(
n
k

)
n!(2n− 2k − 1)!! should be divisible by 2n.

The answer to both of these questions is in the affirmative, as shown by a
nice argument by W. Griffiths [40]. The reader is invited to consult Exercises
4 and 5, which walk the reader through that interesting proof.

Quick Check

1. How many n × n magic squares are there with line sum 2 that
contain n− 2 digits 2?
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2. How many n × n magic squares are there with line sum 2 that
contain n− 3 digits 2?

3. How many n × n magic squares are there with line sum 3 that
contain n− 3 digits 3?

10.4 Why magic cubes are different

Now consider the following enhanced version of our original distribution prob-
lem. Again, we want to distribute 60 building blocks to three children so that
each child gets 20 blocks. 20 blocks are red, 20 are blue, and 20 are green,
and blocks of the same color are identical. This is where the original problem
ended. Assume, however, that the children come back to play tomorrow, and
the day after tomorrow. On each of these three days, we distribute the blocks
following the above rule (each child gets 20), however, we are also looking for
a long-term balance. Therefore, we require, that at the end of the three-day
period, the number of red blocks each child had throughout the entire period
be 20, the number of blue blocks each child had throughout this period be 20,
and the number of green blocks each child had throughout this period be 20.
In how many ways can all this be done?

We know from Section 10.1 that an acceptable distribution of blocks can be
represented by a magic square of side length 3 and line sum 20, and therefore
the number of acceptable distributions for any given day is H3(20). However,
we cannot just take three magic squares, put them on top of each other, and
say that the obtained three-dimensional array of size 3 × 3 × 3 represents a
solution to the entire problem. This is because of the extra requirement on
the balance of colors. That is, we are looking for distributions so that, if we
put the corresponding three magic squares on top of each other, the sum of
the entries in each vertical line is also 20. One possible distribution is shown
in Figure 10.7. Let A, B, and C denote the three children.

red red red

blue

green

blue blue

green green

today                                 tomorrow           day after tomorrow

6        4       10

7        8        5

7        8        58        6        6

7        5        8

5        9        69        7        4

6        7        7

5        6        9

A       B      C A       B      C A       B      C

Figure 10.7
A possible three-day distribution.

Such a construction—an n× n× n array of nonnegative integers in which
the sum of each line, that is, (row, column, and vertical line), is the same—is
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called a magic cube. So the array in Figure 10.7 is an example of a magic cube
of side length 3 and line sum 20.

Let Cn(r) be the number of magic cubes of side length n and line sum
r. The reader should check that C1(r) = 1 and C2(r) = r + 1. After this,
the reader might be thinking that the enumeration of magic cubes is in fact
very similar to that of magic squares. This is not true, however, as the smallest
nontrivial case, that of n = 3, shows. A 2×2×2 subcube completely determines
a 3 × 3 × 3 magic cube, so C3(r) ≤ r8. Therefore, if C3(r) is a polynomial,
its degree can be at most eight. It is not difficult (see Exercise 20) to write
a computer program that computes the first 10 values of C3(r). These values
are shown in Figure 10.8.

r C3(r)
0 1
1 12
2 132
3 847
4 3921
5 14286
6 43687
7 116757
8 280656
9 619219

Figure 10.8
The values of C3(r) for 0 ≤ r ≤ 9.

We will now explain how to deduce from those 10 values that C3(r) is not
a polynomial.

Let f : N → R be any function, and let Δ(f)(n) = f(n + 1) − f(n).
Similarly, Δ2(f)(n) = Δ(Δ(f)(n)) = (f(n + 2) − f(n + 1)) − (f(n + 1) −
f(n)), and one can obtain Δd along the same lines. The following proposition
characterizes polynomials of degree at most d in terms of Δ.

Proposition 10.20 Let p : N → R be a polynomial. Then the degree of p is
at most d if and only if Δd(p) is a constant function.

Proof: We prove the statement by induction on d. For d = 0, the claim
trivially holds. Now assume the claim holds for d and prove it for d+ 1.

(a) (the “only if” part) Let p be a polynomial of degree d + 1. Then
p(n) = ad+1n

d+1 + adn
d + · · · + a1n + a0. Therefore, p(n + 1) =

ad+1(n+1)d+1+ad(n+1)d+ · · ·+a1(n+1)+a0. From this, we see
that nd+1 cancels out in p(n+1)−p(n) = Δ(p)(n), so Δ(p) is a poly-
nomial of degree at most d. Therefore, by the induction hypothesis,
Δd(Δ(p)) is constant, in other words, Δd+1(p) is constant.
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(b) (the “if” part) Let p be a function so that Δd+1(p) is constant.
Then Δd(Δ(p)) is constant, so, by the induction hypothesis, Δ(p)
must be a polynomial of degree at most d. This implies that p is of
degree at most d+1. Indeed, if we have p(n) =

�h
i=0 ain

i, then we

also have Δ(p)(n) =
�h

i=0 ai(n+1)i −�h
i=0 ain

i, which contains a
term of degree h− 1.

♦

We point out that Proposition 10.20 remains true if we change its wording
a little bit. Instead of requiring that p is a polynomial, we could simply require
that p be a function that satisfies the requirement that Δd(p) is constant. Then
the above argument would show that p is a polynomial of degree at most d.
However, we will not need this stronger form.

Using our numerical data, we can easily compute that Δ8(C3(r))(0) �=
Δ8(C3(r))(1); therefore, C3(r) cannot be a polynomial of degree at most 8, so
C3(r) cannot be a polynomial at all.

Hopefully, you are wondering now what could possibly cause this unex-
pected behavior of the function C3(r). You might also be wondering if C3(r)
is just one exception or if maybe Cn(r) is never a polynomial if n ≥ 3.

Let us try to copy the proof of Theorem 10.3, the theorem showing that
Hn(r) is always a polynomial. The point where we get stuck is Lemma 10.6.
That lemma has no three-dimensional analog. In fact, that lemma does not
hold for magic cubes, even if we restrict our attention to magic cubes of side
length 3 and line sum 2. Figure 10.9 shows a counterexample.

⎡
⎣

2 0 0
0 1 1
0 1 1

⎤
⎦

⎡
⎣

0 1 1
1 0 1
1 1 0

⎤
⎦

⎡
⎣

0 1 1
1 1 0
1 0 1

⎤
⎦

Figure 10.9
An irreducible magic cube of line sum 2.

Indeed, the first level can be decomposed in only one way, and its bottom
right corner makes any decompositions of the other two levels impossible to
fit in a magic cube.

Let us call a magic cube irreducible if it cannot be decomposed into the
sum of magic cubes of smaller line sums. The above example then shows that
not all irreducible magic cubes have line sum 1. It can be shown, however,
that all irreducible magic cubes of side length 3 have line sum either 1 or 2.
Then it can be proved, in a manner similar to the proof of Theorem 10.3, that
both C3(2r) and C3(2r + 1) are polynomials. Now that we know that there
are irreducible magic cubes of side length 3 with line sum 2, this result is not


