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where I ranges over all nonempty subsets of [n]. The reader is invited to spend
a moment on verifying that this is indeed equivalent to Theorem 2.38.

The first crucial idea is this: Instead of simply counting elements of A, we
will consider pairs (a, J), where a ∈ A, and J is a set of indices j ∈ [n] so that
if j ∈ J , then a ∈ Aj . For example, if a is contained in A2 and A3 (and in no
other Ai), then the allowed pairs containing a are (a, {2}), (a, {3}), (a, {2, 3}),
and (a, {∅}). Note in particular that the pair (a, J) is allowed if and only if
a ∈ AJ .

Let us call a pair (a, J) odd (respectively, even), if |J | is odd (respectively,
even). Then the right-hand side of (2.8) is equal to the number EV EN of
even pairs minus the number ODD of odd pairs. Indeed, |AI | is equal to the
number of allowed pairs (a,AI), and it is counted with a positive sign if and
only if |I| is even. Therefore, we have

EV EN −ODD =
∑
I⊆[n]
|I|≥1

(−1)|I||AI |. (2.9)

Let A denote the set of all allowed pairs (a, J), and let ia be the smallest
index i so that a ∈ Ai. In our running example, that means that ai = 2.

Define the map f : A → A by setting

f(a, J) =

{
(a, J ∪ ia) if ia /∈ J,
(a, J − ia) if ia ∈ J.

In our running example, f(a, {2}) = (a, ∅), and f(a, {3}) = (a, {2, 3}).
Note that f is always defined except when a is not contained in any Ai. In

that case, ia is not defined, and therefore f is not defined. Note that in this
case, we must have J = ∅, since a ∈ Ai never holds. So the number of pairs
(a, J) for which f is not defined is simply the number of pairs (a, ∅) so that
a /∈ Ai for any i, that is, just the number N of elements a ∈ A that do not
belong to any Ai.

The crucial property of f is that it turns an even pair into an odd pair,
and vice versa. Indeed, f always changes the size of J by one. Furthermore,
it is easy to verify that f(f(a, J)) = (a, J), that is, f is an involution. That
means that f matches odd pairs to even pairs for which f is defined, and
therefore that there are as many odd pairs as even pairs for which f is defined.
Consequently, EV EN −ODD is equal to the number of even pairs (a, J) for
which f is not defined, but we have seen in the previous paragraph that this
number was equal to N . Therefore, by transitivity, N = EV EN − ODD.
Comparing this with (2.9), our statement is proved.

Quick Check

1. Let A1, A2, · · · , An be finite sets. Prove that

∣∣ ∪n
i=1 Ai

∣∣ ≤
n∑

i=1

∣∣Ai

∣∣.
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A combinatorial argument is preferred.

2. Let A1, A2, · · · , An be finite sets. Prove that

∣∣ ∪n
i=1 Ai

∣∣ ≥
∑

1≤i≤j≤n

∣∣Ai ∩Aj

∣∣.

A combinatorial argument is preferred.

3. What is the number of partitions of [n] into three blocks in which
each block is of size at least 2?

2.5 The twelvefold way

In this section, we will review how the counting techniques learned in the first
two chapters imply the solutions of 12 counting problems that are easy to
formulate in terms that are similar to each other. In each of these problems,
we are placing n balls into k boxes. What makes these problems all different is
whether the balls are all the same or all distinguishable (for instance, labeled
by different numbers), whether the boxes are all the same or all distinguish-
able, and the conditions for the placement of the balls, which will sometimes
require that at most (or at least) one ball be placed in each box.

Gian-Carlo Rota named this collection of problems the twelvefold way. In
what follows, we will go through these 12 problems one by one. At this point,
the reader has all the necessary tools to solve these problems, so the reader
should feel free to try to come up with a solution before reading our argument.

In the first three problems, we will assume that our n balls are all identical,
and that our n boxes are all identical.

Problem 2.50

(a) How many ways are there to distribute n identical balls in k identical
boxes?

(b) How many ways are there to distribute n identical balls in k identical
boxes if each box has to get at least one ball?

(c) How many ways are there to distribute n identical balls in k identical
boxes if each box has to get at most one ball?

Solution:

(a) As both the boxes and the balls are identical, all that matters is
how many balls get into the individual boxes. In other words, we
are dealing with partitions of the integer n here. Since the boxes are
identical, we might as well order them in nonincreasing order of the
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balls contained in them. Therefore, the number of all possibilities is
pk(n), since there will be at most k boxes actually containing balls.

(b) Because distributions with less than k nonempty boxes are not al-
lowed, we get pk(n) − pk−1(n) possibilities. This number is 0 if
n < k.

(c) This number is 0 if n > k and 1 if n ≤ k, since each box gets 0 or 1
ball(s). As the boxes are identical, it does not matter which boxes
get 0 and which boxes get 1.

♦

In the next three problems, the boxes will still be identical, but the balls
will be distinguishable.

Problem 2.51

(a) How many ways are there to distribute n distinguishable balls in k
identical boxes?

(b) How many ways are there to distribute n distinguishable balls in k
identical boxes if each box has to get at least one ball?

(c) How many ways are there to distribute n distinguishable balls in k
identical boxes if each box has to get at most one ball?

Solution:

(a) Since the balls are all different, we can label them by the elements
of [n]. Then the balls are put in identical boxes, so we are dealing
with partitions of the set [n] here. If there are no other restrictions,
then we are free to use any number of boxes not exceeding k, so the
answer is

∑k
i=1 S(n, i) by the addition principle.

(b) In this case, we have to use exactly k boxes, so the answer is S(n, k).

(c) If n > k, then the answer is 0. Otherwise, the answer is 1, since each
nonempty box will have one ball, and it does not matter which box
has which ball as the boxes are all the same. Note the similarity
with part (c) of the preceding problem.

♦

In the next three problems, we reverse the conditions: The boxes will be
distinguishable, but the balls will be identical.

Problem 2.52

(a) How many ways are there to distribute n identical balls in k distin-
guishable boxes?
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balls contained in them. Therefore, the number of all possibilities is
pk(n), since there will be at most k boxes actually containing balls.

(b) Because distributions with less than k nonempty boxes are not al-
lowed, we get pk(n) − pk−1(n) possibilities. This number is 0 if
n < k.

(c) This number is 0 if n > k and 1 if n ≤ k, since each box gets 0 or 1
ball(s). As the boxes are identical, it does not matter which boxes
get 0 and which boxes get 1.

♦

In the next three problems, the boxes will still be identical, but the balls
will be distinguishable.

Problem 2.51

(a) How many ways are there to distribute n distinguishable balls in k
identical boxes?

(b) How many ways are there to distribute n distinguishable balls in k
identical boxes if each box has to get at least one ball?

(c) How many ways are there to distribute n distinguishable balls in k
identical boxes if each box has to get at most one ball?

Solution:

(a) Since the balls are all different, we can label them by the elements
of [n]. Then the balls are put in identical boxes, so we are dealing
with partitions of the set [n] here. If there are no other restrictions,
then we are free to use any number of boxes not exceeding k, so the
answer is

∑k
i=1 S(n, i) by the addition principle.

(b) In this case, we have to use exactly k boxes, so the answer is S(n, k).

(c) If n > k, then the answer is 0. Otherwise, the answer is 1, since each
nonempty box will have one ball, and it does not matter which box
has which ball as the boxes are all the same. Note the similarity
with part (c) of the preceding problem.

♦

In the next three problems, we reverse the conditions: The boxes will be
distinguishable, but the balls will be identical.

Problem 2.52

(a) How many ways are there to distribute n identical balls in k distin-
guishable boxes?
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(b) How many ways are there to distribute n identical balls in k distin-
guishable boxes if each box has to get at least one ball?

(c) How many ways are there to distribute n identical balls in k distin-
guishable boxes if each box has to get at most one ball?

Solution:

(a) Since the balls are identical, all that matters is how many of them
get into each box. However, the boxes are distinguishable, so their
order matters. In other words, we are dealing with weak composi-
tions of n into k parts. Therefore, the answer is

(
n+k−1
k−1

)
.

(b) As no box can be empty, we are dealing with compositions of n into
k parts, so the answer is

(
n−1
k−1

)
.

(c) If n > k, then the answer is 0. Otherwise, we simply need to choose
the n boxes that will contain one ball each, which we can do in

(
k
n

)
ways.

♦

In the last three problems, both the boxes and the balls will be distin-
guishable.

Problem 2.53

(a) How many ways are there to distribute n distinguishable balls in k
distinguishable boxes?

(b) How many ways are there to distribute n distinguishable balls in k
distinguishable boxes if each box has to get at least one ball?

(c) How many ways are there to distribute n distinguishable balls in k
distinguishable boxes if each box has to get at most one ball?

Solution:

(a) As any ball can go into any box, the number of possibilities is kn.

(b) This is similar to partitioning [n] into k blocks, but now the order
of the blocks matters, so the answer is S(n, k)k!.

(c) Again, the answer is 0 if n > k. Otherwise, there are k choices for
the first ball, then k − 1 choices for the second ball, and so on, so
the answer is (k)n.

♦

If the reader worked through all 12 problems, then she will have a few
useful questions to ask when trying to solve an enumeration problem. Are
the objects we are counting distinct? Does their order matter? Is repetition


