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another interval. In order to show that the union of these two intervals is
another interval, note that maj(p<k>) = maj(p), since adding n to the end
of p does not change any descents. Therefore, by Proposition 4.60, the major
indices of the permutations maj(p<i>), where i goes from k + 1 to 0, are
maj(p),maj(p) + 1, · · · ,maj(p) + k + 1.

On the other hand, inserting n after the rightmost ascent of p increases the
major index of p by n−1. Indeed, if this ascent is in position m, then inserting
n there will create a new descent there and will increase the major index by m.
Furthermore,m was the rightmost ascent, so the remaining n−1−m positions
of p were all descents. They all get shifted by one because of the insertion of
n, and they will therefore contribute n − 1 − m more to the major index.
Therefore, maj(p<n−2−k>) = maj(p) + n − 1. This implies, by Proposition
4.62, that the major indices of the permutationsmaj(p<i>), where i goes from
n− 2− k to 1, are maj(p) + n− 1,maj(p) + n− 2, · · · ,maj(p) + k + 2. ♦

The proof of Theorem 4.58 is now immediate. Using our induction hypoth-
esis and the result of Lemma 4.65, we get that
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= In−1(x)(1 + x+ · · ·+ xn−1) = In(x).

♦

We mention that the concept of inversions can be generalized in several
different ways. On one hand, an inversion is just two entries of a permutation
that are in a prescribed order, that is, the larger one comes first. We could
instead look at three, or four, or k entries of a permutation that are in a
prescribed order. This leads to the theory of pattern-avoiding permutations.
The reader should take a look at Exercise 32 for the precise definition, and at
Exercises 33 and 34 for further information about this relatively recent and
rapidly developing topic.

On the other hand, just as we defined inversions of permutations, we could
define inversions of permutations of multisets. This leads to the theory of
Gaussian coefficients, named after Carl Friedrich Gauss. See Exercises 29 and
30 to explore this direction.

Quick Check

1. Let n ≥ 3. Prove that the number of permutations p = p1p2 · · · pn
for which i(p) = k and p1 < p2 is equal to the number of permuta-
tions for which i(p) = k and pn−1 < pn.

2. Let p as in the previous question, and let 2 ≤ j ≤ n− 1. Prove that
the number of permutations p for which i(p) = k and pj−1 > pj <
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pj+1 is equal to the number of permutations p for which i(p) = k
and pj−1 < pj > pj+1.

3. Let n be a positive integer for which
(
n
2

)
is even. Prove that the

number b(n,
(
n
2

)
/2) is even.

4.5 Advanced applications of generating functions to
permutation enumeration

Let us consider a few counting problems where generating functions are still
very useful, but we have to use them in ways that we have not seen before.

4.5.1 The combinatorial meaning of the derivative

In Theorem 4.21, we proved the interesting formula

n∑
k=1

c(n, k)xk = x(x + 1) · · · (x + n− 1) (4.14)

for any fixed positive integer n.
Now let us take the derivative of both sides with respect to x. We get the

identity
n∑

k=1

k · c(n, k)xk−1 =
n−1∑
i=0

x(x + 1) · · · (x+ n− 1)

x+ i
.

Note that, differentiating the right-hand side of (4.14), we have simply used
the product rule, which was easy to do since the derivative of any individual
factor (x+ i) is 1.

Now let us substitute x = 1 in the last displayed equation, to get

n∑
k=1

k · c(n, k) =
n∑

j=1

n!

j
. (4.15)

The crucial observation is that the expression on the left-hand side,∑n
k=1 k · c(n, k), is simply the number of all cycles in all permutations of

length n. Indeed, permutations counted by c(n, k) contribute k cycles to that
total. So formula (4.15) is in fact a formula for the total number of cycles in
all permutations of length n. Equivalently, if we divide both sides of (4.15)
by n!, we get that the average number of cycles in permutations of length n
is
∑n

j=1
1
n . This number is often called the nth harmonic number. While this

result can be proved without using generating functions (see Exercise 18), the
idea of taking the derivative of a generating function and then finding its value
at x = 1 is often useful in similar situations.


