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Figure 5.37
The bipartite graph Gf,g.

Example 5.52 If Gf,g is the graph shown in Figure 5.37, then one sees
easily that C = {R2, B1, R3, B3, R4, B4} and N = {R1, R5, B2}.

Now we are ready to define the doubly rooted bicolored tree F (f, g). First,
let us take the path of length 2k whose vertices are f(c1), g(c2), f(c3), g(c4),
and so on, ending with g(c2k). Let us call the vertex f(c1) Start and the
vertex g(c2k) End. Note that the Start-End path is properly colored. Finally,
if x ∈ N , then let us connect x to its image (either f(x) or g(x), whichever is
defined) by an edge. This procedure results in a graph having n+m−1 edges
and n+m vertices. This graph is connected since we can get to the Start-End
path from any vertex. Therefore, our graph is indeed a doubly rooted tree,
and we call this tree F (f, g).

Example 5.53 If f and g are as in Example 5.51, and therefore C and N
are as in Example 5.52, then F (f, g) is the doubly rooted bicolored tree shown
in Figure 5.38.
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Figure 5.38
The doubly rooted tree F (f, g).

All that is left to prove is that F : A → B is a bijection. We can do this by
showing that each doubly rooted tree T ∈ B has exactly one preimage under
F . Let T ∈ B, then the Start-End path tells us what the sets C and N must
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be in a preimage of T and defines the values of f and g for the elements of
C. For the elements of N , the value of f(x) or g(x) (whichever is meaningful)
is the neighbor of x toward the Start-End path on the unique path from x to
the Start-End path. ♦

Theorem 5.49 can be generalized to an arbitrary number of colors, as the
following theorem shows.

Theorem 5.54 Let n1+n2+ · · ·+nk = n, where the ni are positive integers.
Then the number of properly k-colored trees on n vertices, ni of which are of
color i and are bijectively labeled by the elements of [ni] (for all i), is

nk−2
k∏

i=1

(n− ni)
ni−1.

Note that this formula implies not only Theorem 5.49, but also Theorem
5.10, since we can choose ni = 1 for all i. See [53] for a proof.

Quick Check

1. Find the chromatic polynomial of a path of n vertices.

2. Is it true that all trees on n vertices have the same chromatic poly-
nomial?

3. What is the number of acyclic orientations of the complete graph
Kn?

5.5 Graphs and generating functions

It is high time that we applied the powerful counting techniques that we
learned in the previous chapter to enumerate various kinds of trees. We start
by exploring a classic family of trees.

5.5.1 Trees counted by Cayley’s formula

Rooted trees on [n] have a nice recursive structure. If we cut off the root R
of such a tree, we get a rooted forest, that is, trees that are rooted at the
vertex which was a neighbor of R. In other words, rooted forests are built
up from rooted trees. This structure can be expressed by a simple functional
equation. We know from Cayley’s formula that the number of rooted trees on


