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2. Let n be a fixed positive integer, and let bk = k
(
n
k

)
3k−1. Prove that

the polynomial Bn(x) =
∑n

k=1 bkx
k has real roots only.

3. Let fn(x) =
∑n

k=1 c(n, k)2
kxk. Prove that fn(x) has real roots only.

This implies that the coefficients of fn(x) are log-concave. Prove
that fact without resorting to the real roots property.

9.4 Notes

A classic survey on this field is [70], which was later updated in [20]. A recent,
high-level survey written by Petter Brändén can be found in Chapter 7 of [18].

Of the sequences we have previously encountered in this book, the se-
quence {A(n, k)}1≤k≤n of Eulerian numbers is known to have real zeros. Its
log-concavity has several combinatorial proofs. See [13] for a survey of these
results and other related results on permutations.

A celebrated, and difficult, classic result is that the Gaussian polynomials[
n
k

]
have unimodal coefficients for all values of n and k. This result has various

proofs which are either short, but use high-brow techniques, or elementary,
but longer.

Log-concavity is not the only important implication of the real zeros prop-
erty. Darroch’s theorem [13] shows that, if a polynomial A(x) has real zeros
only, satisfies A(1) > 0, and if am is maximal among the coefficients of A, then∣∣∣∣

A�(1)
A(1)

−m

∣∣∣∣ < 1.

The reader is invited to check Supplemental Exercise 12 for a nice appli-
cation of Darroch’s theorem.

Another interesting property of polynomials with real zeros is their con-
nection to probability theory. If a polynomial with positive coefficients has
rational real zeros, then its kth coefficient can be obtained (after some sim-
ple transformations) as the probability of k successes in the series of certain
n independent trials. The interested reader can consult Jim Pitman’s survey
paper [60] for a detailed overview of this subject or Chapter 3 of [13] for a few
simple examples.

9.5 Chapter review

(A) Let {ak} be a finite sequence of positive real numbers.

1.If {ak} has real zeroes only, then it is log-concave.

2.If {ak} is log-concave, then it is unimodal.
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(B) Let P (x) and Q(x) be two polynomials with positive coefficients. If the
sequence of coefficients of P (x) is log-concave, and the sequence of coeffi-
cients of Q(x) is log-concave, then the sequence of coefficients of P (x)Q(x)
is also log-concave.

9.6 Exercises

1. Prove that, for any fixed positive integer n and any q > 1, the se-
quence

[
n
0

]
,
[
n
1

]
, · · · , [nn

]
is log-concave. (The Gaussian coefficients[

n
k

]
are defined in Exercise 29 of Chapter 4.)

2. (a) Recall that in (5.6) we defined the Narayana numbers N(n, k)
by setting N(n, k) = 1

n

(
n
k

)(
n

k+1

)
. Prove that for any fixed posi-

tive integer n, the sequence N(n, 0), N(n, 1), · · ·N(n, n− 1) of
Narayana numbers is log-concave.

(b) Prove that, for any fixed positive integer k, the infinite sequence
N(k + 1, k), N(k + 2, k), · · · is log-concave.

3. We call a sequence a0, a1, · · · of positive real numbers log-convex, if
for all k ≥ 1, we have

ak−1ak+1 ≥ a2k.

Prove by a combinatorial argument that the sequence c0, c1, c2, · · ·
of Catalan numbers is log-convex.

4. Let us label the vertices of a square grid as shown in Figure 9.9, and
let F be a Ferrers shape in the northwestern corner of this grid.

(0,0)      (0,1)    (0,2)      (0,3)      (0,4)

(1,0)     (1,1) (1,2)     (1,3)      (1,4)

(2,0) (2,1)

F

Figure 9.9
How to label the nodes of the grid and how to place the Ferrers shape F .

Let MF (m,n) = M(m,n) be the number of northeastern lattice
paths from (m, 0) to (0, n) that do not go inside F .

(a) Prove that

M(m,n+ 1)M(m+ 1, n) ≤ M(m,n)M(m+ 1, n+ 1). (9.5)
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(b) + Prove that

M(m− 1, n+ 1)M(m+ 1, n+ 1) ≤ M(m,n+ 1)2. (9.6)

(c) Conclude that

M(m− 1, n+ 1)M(m+ 1, n) ≤ M(m,n)M(m,n+ 1). (9.7)

5. Keep the notation of the previous exercise.

(a) Prove that M(m+1, n−1)M(m,n+1) ≤ M(m,n)M(m+1, n).

(b) Conclude that M(m+1, n−1)M(m−1, n+1)≤ M(m,n)2, that
is, that the sequence {M(i, n+m− i)}0≤i≤m+n is log-concave.

(c) Explain how this result generalizes the fact that the binomial
coefficients

(
r
k

)
form a log-concave sequence for any fixed r.

(d) Must the sequence {M(i, n+m− i)}0≤i≤m+n have real zeroes
only?

6. + Find a more direct combinatorial proof of part (b) of the previous
exercise, that is, of the log-concavity of the sequence

{M(i, n+m− i)}0≤i≤m+n.

7. We call the sequence a0, a1, · · · , an of positive real numbers strongly
log-concave, if for 1 ≤ i ≤ n− 1, we have

(n− (i − 1))ai−1 · (i + 1)ai+1 ≤ (n− i)ai · iai.
Prove that, if the sequence a0, a1, · · · , an of positive real numbers
has real zeros only, then it is strongly log-concave.

8. Is it true that if a finite sequence of positive real numbers is strongly
log-concave, then it has real zeros only?

9. Let G be a bipartite graph with color classes A and B. For any
subset X ⊆ A, let N(X) denote the set of vertices in B that have
a neighbor in X .

Let us say that A has a perfect matching into B if there are |A|
vertex-disjoint edges in G, or in other words, if each vertex of A can
be matched to an adjacent vertex of B.

A classic theorem of graph theory, Philip Hall’s theorem, says that
A has a perfect matching into B if and only if |X | ≤ |N(X)| for all
X ⊆ A. Use this theorem to prove that the sequence {(n

k

)}0≤k≤n is
unimodal.

10. + Let n be a fixed positive integer. Find a combinatorial (that is,
injective) proof for the unimodality of the sequence of Narayana
numbers N(n, 0), N(n, 1), · · · , N(n, n− 1). Hint: Try to use the re-
flection principle.


