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Waring’s problem: the singular series

We now study the singular series:

[ee]

SN =Y > (¢ "Suq) e(—aN/g). (5.1)

(a,q) =1
We shall find that the value of G(N) is closely related to the number of
solutions of the congruences

¥ 4 2F =N (mod q)

for all positive integers ¢, and indeed &(N) = 0 if any such congru-
ence is insoluble. This might be expected from the appearance of the
asymptotic formula, since then r(N) = 0.

We write
S(N)=>_ Alq), Al)= > (¢ 'Saq) e(—=aN/g). (52)
! (a?;i 1

Lemma 5.1. If (q1,92) =1, then

Alq1g2) = A1) A(g2)- (5.3)
Proof. Write

f(a,q) = (Sa.q)°e(—=aN/q).

We shall prove that if (a1,¢1) = (a2,¢2) = 1 and

—=—+—= (mod1), ¢=qq, (5-4)
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then

f(a: q) = f(ala QI)f(G'QaQQ)' (55>

This will suffice to give the result, for the relation (5.4) sets up a 1-to-1
correspondence between reduced residue classes a (mod ¢) and pairs of
reduced residue classes a; (mod ¢1) and as (mod ¢2), whence

Z fla,q) = Z flai,q1) Z f(az,q2)

a=1 a; =1 as =1
(a,q) =1 (a1,q1) =1 (az,q2) =1

To prove (5.5), we use a somewhat similar argument, but with com-
plete sets of residues. Putting

21 22

] (mod 1),
q q1 q2
we have
q q1 q2 P k
s Yot - 35 35 (0 (20 2)).
— q2
z=1 z1=12z0=1
and since

k
a z z aq
—q" <—1 + —2) —(gez)* + ((hzz)k (mod 1),
q1 q2

we get

= Sa17Q1Sa2,lZ2'
Since, in addition
e <—9N> =e (—EN> e (—%N> ,
q q1 q2
we obtain (5.5). O

Note. This result of this lemma is in no way dependent on the fact
that S, 4 is formed with the special polynomial 2. We could replace z*
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with any polynomial f(z) with integral coefficients, and indeed we could
replace S, 4 with a multiple exponential sum

Ze(gf(zl,...,zn)),

where each of z1,..., 2z, runs through a complete set of residues (mod
q). The proof is just the same.

Lemma 5.2. Ifs > 2k + 1, we have

&(N) =[] x») (5.6)
where ”
x(p) =1+ i A(pY) (5.7)
Also B
x(p) — 1| <p~7° (5.8)

for some fized § > 0.

Proof. Tt follows from Lemma 5.1 that if ¢ = p{*ps? - - then
Alq) = A(p") A(p*) -
Hence
S(N) =) Alg) =[] { A(p”)} =[x,
q=1 p v=0 P

and this is justified by the convergence of > |A(q)|, which was proved
in the preceding chapter.
We already had the estimate

|A(g)| < ¢ 1M ETE < g1,

and this implies

o0
Ix(p) — 1] < p ) <« pt e,

v=1

which is (5.8). 0
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Corollary. If s > 2F 41 there exists py = po(k) such that
1 3
- < < -.
;< [ xtw <3
pP>po

This follows at once from (5.8), since we can take § to depend on k
only. Again, we shall see that the result holds if s > 2k + 1.
Definition. Let M(q) denote the number of solutions of the congruence

¥+ 42" =N (mod q),

with 0 < x1,...,25 < q.

Lemma 5.3. We have

L+ AP =M@ /peY, (5.9)
v=1
and consequently
x(p) = lim M(p")/p" Y. (5.10)

Proof. We can express M (q) in terms of exponential sums by a proce-
dure which can be regarded as an arithmetical analogue of that used to
express 7(IV) as an integral in (2.7). We have

a q q
YOEVED 3D IS SH CICSRUR S ) §
t=1x1=1 xrs=1

since the sum over ¢ gives ¢ if the congruence is satisfied and 0 other-
wise. We collect together those values of ¢t which have the same highest
common factor with ¢. If this highest common factor is denoted by ¢/qx,
the values of ¢ in question are uq/q1, where 1 <u < ¢; and (u,q1) = 1.
Hence

M(g)=q') zq: i---ie(%(m’f+~~+xf—N)).

ql‘q u=1 r1=1 rs=1
(u,q1) =1

q q1
U g q U g q
E el —z" | =— E el —2") = =Suq-
‘ (Q1 > q = <Q1 ) a o

Now
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Thus

M(q) = a7 ') i (qql)s(Su,ql)se (—f)

q1lq u=1
(u,q1) =1

= ¢ Y Aq).

q1lq

This formula, when ¢ = p™, becomes (5.9), and (5.10) follows from it.
O

Note. For each particular N, the series on the left of (5.9) termi-
nates, and therefore (5.10) is true without the limiting operation for all
sufficiently large n. However the point at which the series terminates
depends on N, as well as on k and p.

Definition. For each prime p, let p™ be the highest power of p dividing
k, and put k = p"kg. Define v by

:{T+1 if p>2, (5.11)

T+2 if p=2.

Of course, v depends on both p and k.

Lemma 5.4. If the congruence y* = m (mod p?) is soluble where m #

0 (mod p), then the congruence x* = m (mod p¥) is soluble for every
v > .

Proof.  Suppose p > 2. The relatively prime residue classes (mod p¥)
form a cyclic group of order ¢(p”) = p*~(p — 1), being represented by
the powers of a primitive root g to the modulus p”. If v > ~, then g is
necessarily also a primitive root to the modulus p”.

Write

m=g", y=g", r=g¢° (modp").
Then the hypothesis that y* = m (mod p?) is equivalent to
kn=p (modp”'(p—1)).

Since k = pTko and 7 = v — 1, it follows that u is divisible by p?~! and
also by (ko,p — 1). But now we can find £ to satisfy

k&= (mod p"~'(p—1)),
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since y is divisible by the highest common factor of k& and p*~1(p — 1).
The last congruence is equivalent to ¥ = m (mod p").

Suppose p = 2. First, if 7 = 0, so that k is odd, there is no problem.

For as « runs through a reduced set of residues to the modulus 2 then

so does ¥, and the congruence z* = m (mod 2¥) is soluble for any odd

m without any hypothesis.

Now suppose T > 1. Since k = 27k is even, we have ¥ = 1 (mod 4)
for all . Those residue classes (mod 2¥) that are = 1 (mod 4) constitute
a cyclic group of order 272, and it is well known that 5 is a generating
element, i.e. a primitive root. As before, write

m=5" y=5" x=5 (mod2).
Then the hypothesis is equivalent to
kn=p (mod 2772).

Since k = 27kg and 7 = v — 2, it follows that u is divisible by 27. Hence
there exists € such that

ké =p  (mod 272),

which implies that 2 = m (mod 2¥). This completes the proof of
Lemma 5.4. U

Lemma 5.5. If the congruence
¥4 42 =N (modp?)
has a solution with x1,...,xs not all divisible by p, then

x(p) > 0.

Proof. Suppose a§ + -+ a¥ = N (mod p7) and a; #Z 0 (mod p). We
can obtain many solutions of 2§ +--- + 2% = N (mod p”) for v > v by
the following construction. We choose xs, ..., x s arbitrarily, subject to

zj=a; (modp”), 0<uaz; <p”.
These choices are possible in p*~"(=1) ways. Then choose z; to satisfy
h=N—zk—...—2F (mod p¥);

this is possible by Lemma 5.4 because the expression on the right is
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= a¥ (mod p”) and a; #Z 0 (mod p). Thus, in the notation introduced
earlier, we have

M(pl/) > p(u—'y)(s—l) _ Cfppu(s—l)7

where C,, = p~7~1) > 0. By (5.10) of Lemma 5.3, this implies x (p) > 0.
O

Lemma 5.6. If s > 2k (k odd) or s > 4k (k even), then x(p) > 0 for
all primes p and all N.

Proof. By Lemma 5.5 it suffices to prove that the congruence
e 4P =N (mod p?) (5.12)

is soluble with x1,...,zs not all divisible by p. If N # 0 (mod p), the
latter requirement is necessarily satisfied. If N = 0 (mod p), it will
suffice to solve the congruence

e 42k 1P =N (mod p?).

Hence (replacing s —1 by s) we see that it suffices to prove the solubility
of (5.12) when N # 0 (mod p) for s > 2k —1 (k odd) or s > 4k — 1 (k
even).

Suppose p > 2. We consider all N satisfying

O<N<p’, NZO0 (modp),

their number being ¢(p?) = p?~1(p—1). Let s(N) denote the least s for
which (5.12) is soluble. If N = 2N’ (mod p?), then obviously s(N) =
s(N'). Hence if we distribute the numbers NN into classes according to the
value of s(IV), the number in each class is at least equal to the number of
distinct values assumed by z* when z Z 0 (mod p). By putting z = ¢¢
(mod p7), where ¢ is a primitive root (mod p?), and a = g* (mod p7),
one easily sees that the congruence z*¥ = a (mod p?) is soluble if and
only if « is divisible by p™0 where 6 = (k,p — 1). Since 7 = v — 1,
the number of distinct values for a (mod p?~!(p— 1)), which is also the
number of distinct values for a (mod p7), is

=1 _p—1
pr=1§ 5 ’
say. Hence each class of values of N includes at least r elements.
Let us enumerate first all N for which s(N) = 1:

Nl(l) < N2(1) << N,(.ll), where 1 > r.
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Then we enumerate all N for which s(N) = 2:
N1(2) < N2(2) << Nﬁf), where ro > 1,

and so on. Some of these sets may be empty, but we shall prove that
two consecutive sets cannot be empty.

Consider the least N’ # 0 (mod p) which is not in any of the first
j — 1 sets. Then either N’ —1 or N’ —2is #0 (mod p), and being less
than N’ it must be in one of the first j — 1 sets. Representing N’ as

(N'=1)+1%F  or (N =2)+1% +1%,

we deduce that s(N') < j + 1. Hence the sets for which s(N) = j,
$(N) = j 4+ 1 cannot both be empty.

Suppose the last set in the enumeration is that for which s(N) = m.
Then at least %(m —1) of the first m — 1 sets are not empty, and also the
mth set is not empty, making at least %(m + 1) non-empty sets. Since
each set contains at least » numbers, we have

s(m+1)r <o) =ptp-1),

whence

2p7 Y (p—1
P (p ) _ 2])7715
r

= 2p" (ko,p — 1) < 2k.

(m+1) <

Hence m < 2k — 1, whence s(N) < 2k — 1 for all N. Thus for p > 2, the
congruence (5.12) is soluble for s > 2k — 1.

Suppose p = 2. If 7 = 0, that is if k is odd, the congruence (5.12) is
soluble for N # 0 (mod p) when s = 1, as was remarked in the proof
of Lemma 5.4. This proves the conclusion of Lemma 5.6 since then the
only significant restriction on s comes from the primes p > 2.

Now suppose 7 > 1, so that k is even. We can suppose without loss of
generality that 0 < N < 27, since N is now odd. By taking all the z; in
(5.12) to be 0 or 1, we can certainly solve the congruence if s > 27 — 1.
Now

27 —1=9"t2 1 <4k —1.

Hence it suffices if s > 4k — 1, and this proves the conclusion of Lemma
5.6 in the case when k is even. O

Note. Although the final argument might, at first sight, seem to be a
crude one, we have in fact lost nothing if £ = 27 and 7 > 2. For then
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22" =1 (mod 2772) if z is odd, and 22" = 0 (mod 27+2) if z is even, so
the values of z* are in this case simply 0 and 1.

Hardy and Littlewood defined T'(k) to be the least value of s such
that the congruence (5.12) is soluble with z1, ..., z, not all divisible by
p, for all p and all N. In this notation, Lemma 5.6 states that I'(k) < 2k
when k is odd and T'(k) < 4k when k is even. Hardy and Littlewood
made a very detailed study of I'(k) in P.N.VIII [41].! In particular they
determined all types of k for which I'(k) > k. The first few values of
I'(k) are

Lk 3 4 5 6 7 8 9 10 11 12 13 14 15 16

'k) 4 16 5 9 4 32 13 12 11 16 6 14 15 64

Theorem 5.1. If s > 2% + 1 then
S(N) > Cy(k,s) >0
for all N.

Proof. The result follows from Lemma 5.6 and the Corollary to Lemma
5.2, since 2% + 1 > 2k (k odd) and 2% +1 > 4k (k even, k > 2). O

Theorem 5.1 is a necessary supplement to Theorem 4.1, in that it
shows that the main term in the asymptotic formula is > N*/#~1 and
that consequently, r(N) — oo as N — oo.

In the present chapter I have followed for the most part Vinogradov’s
exposition [93, Chapter 2].2 This is somewhat simpler than the original
exposition of Hardy and Littlewood.

1 See also Chowla [14].
2 The case p = 2 of our Lemma 5.4 is inadvertently omitted by Vinogradov.



