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Cubic forms: the p-adic problem

The assertion that for any p there exists some £ such that C(x) has the
property A (pe) is equivalent to the assertion that the equation C(x) =0
has a non-singular solution in the p-adic number field. We shall prove
that this is true for n > 10. Several mathematicians have proved inde-
pendently that the equation C'(x) = 0 always has a non-trivial p-adic
solution provided n > 10, and any one of their proofs would serve our
purpose, because (as Professor Lewis pointed out to me) it is possible to
deduce a non-singular solution from any non-trivial solution. However,
I prefer to follow my own proof, as this was designed to lead directly to
the property A (pe).

Let N = in(n+ 1). Let C denote the matrix of n rows and N columns
whose general element is ¢;;,, where 7 indicates the row and the pair j, k
(with j < k) indicates the column, on the understanding that these pairs
are arranged in some fixed order. Let A denote a typical determinant
of order n formed from any n columns of C, the number of possible
determinants being (V). We can assume (multiplying C(x) by a factor
of 6 if necessary) that the ¢;;, are integral, hence that the various A are
integral.

Definition. Let h(C) denote the highest common factor of all the
determinants A, if they are not all 0, and in the latter case let h(C) = 0.

Lemma 18.1. Let

n
2= gipre, (1<i<n),

r=1

be a linear transformation with integral coefficients q;- of determinant
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q#0, and let
C (21, wp) =C"(2),...,2))

) n

identically. Then h(C) is divisible by qh(C").

Proof. The coefficients in the two forms C' and C’ are related by

n n n
Crst = Z Z Z qiTstqktC;jk-
i=1j=1 k=1
In defining the matrix C above, we chose a one-to-one correspondence
between pairs j, k with 1 < j < k < n and integers 1 < u < N. Thus

/

the general element of C’ is ¢

ik = Ciy» say, where ¢ = 1,2,...,n and
w=1,2 ... N. Similarly, representing the pair s,¢ with s < ¢ by v, the

general element of C is ¢, = ¢rp. Put
_{ qjsqkt, .7 = ka
Upy = .
Qisqrt + rsye, J <Kk,

where p denotes the pair j,k and v the pair s,t. Then the relation
between the two sets of coefficients can be written

n N
Cry = Z Gir Z C{L‘uuuw
i=1  p=1
where r =1,2,...,n and ¥ = 1,2,..., N. In matrix notation this is
c=9'cu,

where Q = (g;,) is an n x n matrix and U = (u,,) is an N x N matrix,
and T denotes the transpose.

Let A be the determinant formed from the columns v, ..., v, of C,
or symbolically:

1,...,n
A = (detc)ul,...,un :
Since the matrix Q has determinant ¢, it follows that
+A =g (det C’L{)ll/’l'7'_"’_7fyn .
By a well known result we have

(detCU), ", = Y (detC), ", (dest))lm 0,

n

P1ye--3Pn

where the summation is over all (%) selections of 1, ..., p,, from 1,..., N
without regard to order.
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In each term of the sum, the first factor is one of the determinants
A’ of order n that can be formed from C’, and the second factor is an
integer. Hence the sum is divisible by h(C”) and it follows that A is
divisible by gh(C”). This proves the result. O

Corollary. h(C) is an arithmetic invariant of C. That is, it has the
same value for any two equivalent forms.

Proof. 1If C and C’ are equivalent forms the lemma applies with ¢ = 1,
and shows that h(C) is divisible by h(C”). Similarly h(C’) is divisible
by h(C'), whence the result. O
Lemma 18.2. If C(x) is non-degenerate then h(C) # 0.

Proof. If h(C) = 0 then all the determinants of order n formed from C

vanish, that is the n rows of C are linearly dependent. Thus there exist
P1,- .-y Pn, nOt all 0, such that

n
Zpicijk =0
i—1

for all j, k; and we can take py, . .., p, to be integers with highest common

factor 1. Since
10C
L 9 I
i J b

we have
oC T oc 0
P 0x Pr oz,
identically in z1,...,z,. It is well known that there exists an n x n

matrix of integers p;,., of determinant +1, such that p;, = p; for i =
1,2,...,n. Putting

n
T, = § DirlYr,
r=1

we have
oC
B
Oyn
identically, and consequently C(x) is equivalent to a form in y1, ..., yn—1

and is degenerate. Ol
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The converse of this last lemma is also true, for the above argument
is reversible, but it will not be needed.

Lemma 18.3. Ifn > 4 and C(x) does not have the property A(p), then
C(x) is equivalent to a form of the type

C'(x1,22,23) +pC" (21, ..., T0). (18.1)

Proof. By a theorem of Chevalley! there is a solution of C(x) =
0 (mod p) other than x = 0, since the number of variables exceeds
the degree of the congruence. As C(x) does not have the property A(p),
we must have
oC
ox;

=0 (mod p)

for all . After a suitable integral unimodular transformation, we can
take the solution in question to be

=1 x9=23=---=12,=0.
Then C(x) has the form
aple)’ +px%(b2x2 + -t bpx,) 21 B(xo, ..y xp) + Croi(za, .o, 2y),

where B and C,,_; are quadratic and cubic forms respectively. Indeed
the coefficients of z3z; are all divisible by p because they are the values
of

oC oC

Oz’ Dy,

at the solution.
If some of the coefficients of B are not divisible by p, we can choose
T, ...,T, so that

B(za,...,x,) Z0 (mod p),

by taking values of the type 1,0,...,0 or of the type 1,1,0,...,0. We
can then choose x1 so that

$1B($2,...,.’I,'n)+Cn,1(.’l,'2,...,.%'n) =0 (mOd p)

and this gives a solution of C'(x) = 0 (mod p) with 0C/dz1 £ 0 (mod p),
contrary to the hypothesis.

L See [23], for example.
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We can therefore assume that all the coefficients of B are divisible by
p. Thus C(x) is equivalent to
plen(x17127 ey In> + Cn—l(x27 e 71'71)7

where @Q,, is a quadratic form.

If n > 5, we can put #; = 0 and apply the argument to Cp,_1 (2, ..., %)
since this form also cannot have the property A(p). Thus C,,—1 is equiv-
alent to

ProQn_1(x2,...,2n) + Cp_o(xs,...,Tpn).

This process continues until we reach Cs(zy—2, n—1, s ), to which Cheval-
ley’s theorem does not apply. Hence C(x) is equivalent to a form of the

type
p(len + -+ xn73Q4) + CB(xnf% Tp—1, xn)

Reversing the order of writing the variables, we obtain a form of the
type (18.1). O

Lemma 18.4. If, in the result of Lemma 18.3, the form
C"(0,0,0,24,...,%p)

in T, ..., T, has the property A(p*), then C(x) has the property A(p")
for some £ < A+ 1.

Proof. In the proof of Lemma 17.1 we saw that if a form C* had
property A(p) then for every v > 0 the congruences

C*(x) =0 (mod p**~11) (18.2)
%ii =0 (mod p* 1), (18.3)
were soluble for all ¢, and in addition, for some j,
aoc*
d p*). 18.4
5o 70 (modp) (1.4

For brevity, we express (18.3) and (18.4) by

Py (26 20y,
81‘1’ ’893”

The hypothesis that C”(0,0,0, 2y, . .., x,) has property A(p") implies
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(taking v = 1) the existence of integers x4, ..., z, such that
ac// 80//
C"(0,0,0,24,...,2,) =0 d p** A R
( y U, U, Ty, y L ) (mo p )a p H 81'4, 78-75»”
Hence
oC oC
C(0,0,0,24,...,2,) =0 d p?*! M=, s |-
( , U, U, &g, , L ) (HIO D )7 D H 81’47 781'”
If, for these values of x1,x2,...,x,, we define £ by
| % ¢
8951 ’ ’ al‘n ’
then ¢ < A+ 1 and C(x) has property A(p?). O

Lemma 18.5. Ifn > 10 and C(x) does not have any of the properties
A(p), A(p?), A(p?), then it is equivalent to a form of the type

C*(x1,2Z2,. ., L9, PDT10y - -+, PTn)- (18.5)

Proof. In the expression (18.1) for a form equivalent to C, which we
denote again by C, we put x; = py; for i = 1,2,3. This gives

C(py1,py2, PY3: T4y . - -, Tn)
= p*C’'(y1, Y2, y3) + pC” (PY1, PY2, PY3, Tas - - T

Ignoring multiples of p3, we have

C(pylapy27py3a Tgye-- 7xn)
= p201,2(l/17 Y2, y3|l'47 ... 7xn) +pc//(07 07 07 Thyeo- 7xn) (mOd p3)a
(18.6)

where C; o denotes a form which is of first degree in y;,y2,ys and of
second degree in x4, ..., Ty,.

By Lemma 18.4, the form C”(0,0,0,xy4,...,x,) does not have either
property A(p) or A(p?). We apply Lemma 18.3 to this form and put
xz; = py; for i = 4,5,6 in the result. Neglecting multiples of p?, we
obtain

C//(O7 Oa Oapy47py57py67 T7y.eny xn)
=pC®(0,...,0,27,...,2,) (mod p?). (18.7)

Further, by Lemma 18.4, the form C®)(0,...,0,z7,...,2,) inx7,..., =,
does not have the property A(p).
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Putting z; = py; for i = 4,5,6 in (18.6), and using (18.7), we obtain
a result which can be written
C(py1s---PY6, T75- -+, Tn)
= p2(le1 + ?JzQZ + yBQB) +p20(3) (07 e 707 L7y >In) (mOd p3)7
(18.8)

where @1, Q2, Q3 are quadratic forms in x7,...,x,. It should be noted
that 4, ys, ys do not appear on the right of (18.8).

Suppose one of the quadratic forms, say @i, is not identically =
0 (mod p). Then there exists z7,...,x, for which @; # 0 (mod p),
and we can choose y1, y2,ys so that

n@1 +y2Q2 + y3Qs3 + C(?’)(O7 o, 0,7, 2,) =0 (mod p).
This gives
Clpyr,--- Y6, @7, .., an) =0 (mod p°),

the values of yq4, y5, ys being arbitrary. Also

oC

Byy (PYL - PYS: T, ) =p’Q1 #0 (mod p°).
Taking x; = py; for i = 1,...,6 and noting that /0z; = p~10/dy,,we
have values of x1,...,z, for which C = 0 (mod p?®) and 9C/0z; #
0 (mod p?). This contradicts the hypothesis that C' does not have either
of the properties A(p) or A(p?).

Thus Q1, @2, Qs are all identically = 0 (mod p) and (18.8) becomes
C(pyla ey DY6, Ty e ,‘Tn) = p2c(3)(07 cee 707 L7y ,‘Tn) (mOd p3)
Finally, we apply Lemma 18.3 to the form C®) 0,...,0,z7,...,2,)
which (as already noted) does not have the property A(p). We obtain
C(?’)(O, oo 0,27, my) = cW (x7,28,29) (mod p).

Putting x; = py; for i =1,...,9 we get

C(pyh---7py9755107---a$n)EO (mOd pS),

and this holds identically in y1,...,y9, 10, ...,Z,. Denoting the form
on the left by

pSC*(yla -5 Y9, 210, - - - 7xn)a
we have the identity

C(z1,...,xn) = C*(x1,...,2T9,pT10, - .-, PTy).
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Lemma 18.6. Suppose n > 10. If in the result of Lemma 18.5 the form
C*(x1,...,2,) has the property A(p*) then the form C(z1,...,x,) has
the property A(p®) for some £ < \ + 3.

Proof. As we observed at the start of the proof of Lemma 18.4, the
hypothesis that C* has the property A(p”) implies the existence of values
Y1, - -+, Yn Such that

C* (s y) =0 (mod p2), ] (ai 8C).

ayl,...,—ayn

Since

C(pyla -+, PY9, Y105 - - - 7yn) = pgc*(yla -5 Y9,Y105 - - - 7yn)

identically, we have

C(pylv'"7py93y10a"'ayn) = O (mOd p2)\+5)

and one, at least, of C/dy1,...,0C /dyg,C/Oy10,-..,0C /Dy, is not
divisible by p*3. Putting x; = py; for i = 1,...,9 and z; = y; for
¢ > 10, we have one at least of 9C/0x1,...,0C /Ox, not divisible by

p 3, whence the result. O

Lemma 18.7. Any non-degenerate cubic form with integral coefficients
in at least 10 variables has the property A(p®) for every prime p and a
suitable ¢ depending on p. There is an upper bound for ¢ depending only
on the cubic form.

Proof. Suppose C(x) is a cubic form with integer coefficients which
does not have any of the properties A(p), A(p?),..., A(p>™), where m
is a positive integer. By Lemma 18.5, this form is equivalent to a form
of type (18.5). This implies that there is a linear transformation

n
v = qipry, (1<i<n),
r=1

with integral coefficients and determinant p"~°, which transforms

C(x1,...,r,) into another form CM(z},... ,2/) with integral coeffi-

cients. By Lemma 18.6, the form C!) does not have any of the proper-
ties A(p), A(p?), ..., A(p*™~3). By repetition, it follows that there is a
linear transformation with integral coefficients and determinant p(®—™

which transforms C(x) into a form C(™)(y) with integral coefficients.
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It follows from Lemma 18.1 that h(C) is divisible by p(*=™. Further
h(C) is a positive integer by Lemma 18.2. Thus

(n—9)m < log h(C)/logp < logh(C)/log2,

and this gives an upper bound for m, independent of p. This completes
the proof of Lemma 18.7. O

In view of Theorem 17.1 and the subsequent remarks of Chapter 17,

we see that Lemma 18.7 completes the proof of the following result.

Theorem 18.1. If C(x1,...,x,) is any cubic form with integral coeffi-
cients, and n > 17, the equation

C(x1,...,2n) =0

has a solution in integers x1, ..., %y, not all 0.



