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Homogeneous equations of higher degree

In [6], Birch has given a far-reaching extension of the method by which
we have treated the homogeneous cubic equation, but this involves some
important modifications. He considers the problem of solving a homo-
geneous equation, or a system of simultaneous homogeneous equations
(all of the same degree). Here one is faced by two serious difficulties. In
the first place, even for a single equation of degree k > 3, we do not in
general know of any reasonable function ng of k£ which will be such that,
if n > ng(k), the congruence conditions corresponding to the equation
will be satisfied for every prime. (We know there is some function of
k for which the equation is soluble in the p-adic field, by the work of
Brauer, quoted in Chapter 11, but this leads to an astronomical value.
Moreover, a solution in the p-adic field would not be quite enough; we
need a non-singular solution in order to be sure that we can satisfy the
congruence conditions.) Thus we must postulate that the congruence
conditions are satisfied for each prime p. We must also postulate that
the equation, or system of equations, is soluble in the real number-field,
with a non-singular solution.

Secondly — and this is more important — even these postulates are
not always enough to ensure the solubility of the equation in integers
(or rational numbers). The following example was shown to me by
Swinnerton-Dyer;

3(:0% ++xf)3 +4(x%+1 —I—---—I—mz)s = 5(x§+1 +---+xi)3 (19.1)

where r < s < n. It is known from the work of Selmer [78] that the
equation

3X3 4+4Y3 =5Y3

is insoluble except with X =Y = Z = 0, and it follows that (19.1) is
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insoluble except with 1 = --- = x,, = 0. On the other hand it can be
proved that (19.1) satisfies the congruence conditions for every p, and it
is of course also soluble non-singularly in the real field.

Hence some further condition must be imposed if we are to establish
solubility in integers. The type of condition which Birch is led to impose
is expressed in terms of the dimension of a ‘singular locus’ associated
with the system of equations.

We shall outline the general plan of his paper, giving comparisons
with the problem of one cubic equation in places where this may be
helpful. The details are somewhat formidable because of the inevitable
complexity of the notation.

Suppose we have R homogeneous forms of degree k in n variables,
where R < n. We can write them as

1
f(l)(x) = Z Cj('o,)...,jk,lxjo ERRECH )
JosesJr—1
R
f(R) (X) = Z C]('o,.)..,jk,lxjo B )
Jos-dk—1

where the variables of summation go from 1 to n. Let 8 be a box in n
dimensional space, and define the exponential sum

S(ag,...,ag) = Z e (alf(l)(x) +---+aRf(R)(x)) .

xePB

Then the number of integer points x in P8 which satisfy the simulta-
neous equations fM)(x) =0, ..., f(x) = 0 is given by

1 1
N(P) :/ / S(a17...7CYR) dal... daR.
0 0
By a straightforward extension of Lemma 13.1, we find that if
|S(C¥1,...,O&]:i)|ZPniK7 (I(>O)7
then

DY ﬁmin{p’

x(1) x(k—1) J=1

> Pnk—zk—lk

—1
oM+ (| }
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where M}l), R MgR) are the multilinear forms in k—1 points xV, . . .,
x(*=1) defined by
i - i 1 k—1
M (<O ) = 3T )
J1s-dk—1

for i = 1,...,R. Lemma 13.1 itself is the case R = 1, k = 3. As in
Lemma 13.2, it follows that the number of sets of k — 1 integer points
which satisfy

!x(l)f <P..., |x(k71)f < P,
Joads? -+ arMf| < P (1T <),
is
> P(k—l)n—Qk’lK—s.

Using Lemma 12.6 k—1 times (instead of twice, as in the proof of Lemma
13.3), we deduce that the number of sets of k—1 integer points satisfying

xW] < P, [x(*b=D] < PP,
Hale;) +ot aRMf,R)H < ph+(h-1)8
is
> P(kfl)n972k*1K75.

If there is any one of these sets of & — 1 points for which the rank of

the matrix
Ml(l) ... Ml(R)
JLVA SRR VA SL
is R, then we get good rational approximations to ag,...,ar, all with

the same denominator q. This denominator arises as the value of some
determinant (non-zero) of order R in the above matrix. In fact we get

g0; — ] < PRHRAD

and
g < PpR(=1)6

The exponents here correspond to —3 + 26 and 26 respectively, as in
alternative B of Lemma 13.4.
The real difficulty is when the above fails, i.e., when the rank of the
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above matrix is < R — 1 for all sets x™"), ..., x*=D_ In the case R = 1
this would mean that the multilinear forms M all vanish at all these
sets of integer points.

The main new idea of Birch’s paper is to express this possibility in
terms of dimensions of varieties. We regard a set of k — 1 points as a
single point in a space of (k — 1)n dimensions. The condition that the
rank of the above matrix shall be < R—1 defines an algebraic variety in
this space; and from the lower bound for the number of integer points
on it, we deduce that the dimension of this variety is

> (k—1)n—281K/6 +¢.

It is a simple principle of algebraic geometry that the dimension of a
variety (that is, the maximum dimension of any of its absolutely irre-
ducible components) cannot be reduced by more than ¢ if we pass to
the intersection of the variety with a linear space defined by ¢ equations.
Hence the intersection of the above variety with the ‘diagonal’ linear
space

xM) =x® = ... = xk=1,

defined by (k — 2)n equations, has dimension

> n—2k_1K/9 — €.

If x = x(M) = ... = x(*=1D the new variety consists of all points x for
which the rank of the matrix

af(l) af(R)

8.121 e 8$1

af-(l) af.(R)

oz, T oz,

is < R—1. We call this the singular locus associated with the given
equations, and denote it by V*. Thus the present case leads to

dimV* >n— 281K/ —¢.

If dim V* = s, we can prevent this happening (and thereby exclude the
situation which now corresponds to alternative A of Lemma 13.4) by
choosing

= F(H—S—Zé‘)

Having made this choice, we have a situation similar to that of al-
ternative B; that is, for each ag,...,ar there is either an estimate
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for |S(a,...,agr)| or a good set of simultaneous approximations to
a1,...,ar. This proves the basis for a treatment similar in principle
to that of Chapters 15, 16, 17 for one cubic equation.

The main difficulty lies with the singular integral, and here again the
dimension of the singular variety comes in. The treatment of the integral
is too elaborate to be outlined here. It is essential to suppose that the
original equations define a variety of dimension n — R.

The result of Birch’s paper is as follows:

Theorem 19.1. Let f1,...,fr be forms of degree k in n wvariables
with integral coefficients, where n > R > 1. Let V denote the algebraic
variety

fix)=0,..., fr(x) =0,

and suppose V' has dimension n — R. Let V* be the associated singular
locus, and let s = dim V*. Suppose there is a non-singular real point
on V, and a non-singular p-adic point on V for every prime p. Then
provided

n—s>R(R+1)(k—1)2F1

there is an integer point x #0 on V.



