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10 Szemerédi’s theorem for k = 3

a + Z - r. Thus the properties of containing arbitrarily long proper arith-
metic progressions, and infinitely long proper arithmetic progressions, are
distinct.

Show that the Erd6s—Turan conjecture is equivalent to the absolute con-
vergence of the sum

i ri([1,2"])
n=1 27! '

Show that if A and B are additive sets which are Freiman isomorphic of
order 2, then r(A) = ri(B) for all k.

If A and B are additive sets (possibly in different groups), show that
(A X B) = ri(A)ri(B).

If Z, Z' are two finite additive groups, show that r,(Z x Z') < ri(Z2)|Z'].
Show that to prove Theorem 10.5 for arbitrary groups Z, it suffices to
verify it for cyclic groups Zy and for vector spaces Z/, over fields of prime
order. (Hint: use Corollary 3.8 and the previous exercise.) A similar claim
applies of course to Roth’s theorem.

Letn > 1. Define a capset of order n to be any subset of the vector space
F3 over the finite field F3 which contains no (affine) lines. Show that
the largest possible cardinality of a capset of order n is r3(F3'). Using
Exercise 10.0.8, show that r3(F3) > 2".

If Z is a finite additive group whose order is coprime to k!, show
that r.(Z) < (1 — %)|Z|. (Hint: if A C Z has cardinality greater than
a- %)|Z|, choose a € Z, r € Z\{0} randomly and consider the proba-
bility of the events a + jr ¢ Afor j =0,1,...,k—1.)

10.1 General strategy

In this section we make some general observations concerning progressions of
length 3, and describe in high-level terms the various strategies one could employ
to prove Roth-like theorems.

Let us work in a fixed finite additive group Z of odd order, and let A be a subset
of Z. We shall think of A as being rather dense, so that the density 0 < Pz(A) < 1
is moderately large. Roth’s theorem is then an assertion that if |Z| is sufficiently
large, then A must contain progressions of length three.

To explain why this should be the case, it is convenient to introduce the trilinear

form

A3(f, 8, 1) :=Ey ez f(x)g(x +r)h(x 4 2r) (10.1)
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forany f, g, h : Z — C. Note in particular that
A3(La, 1o, 14) =Py rez(x, x +1,x +2r € A) (10.2)

so the quantity A3(14, 14, 14) measures the proportion of arithmetic progressions
(x,x +r,x 4+ 2r) in Z which are completely contained in A. Intuitively, if A is
“randomly” distributed, then the events x € A, x +r € A, x + 2r € A should be
“independent”, and we then expect

Az(1g,14,14) = Px,reZ(x € AP, ,cz(x+r € A)Px,reZ(x +2r e A)
= P4(A). (10.3)

Thus if A is fairly dense in Z, we expect A3(14, 14, 14) to be large. On the other
hand, if |Z]| is odd and A has no proper progressions of length 3, then the only
progressions (x, x + r, x + 2r) which can lie in A are those for which x € A and
r = 0, whence

As3(14, 14, 14) =Pz(A)/|Z]. (10.4)

If | Z] is sufficiently large, this seems to be in conflict with the heuristic (10.3).
Thus to prove Roth’s theorem it will suffice to establish some rigorous analog of
(10.3). In particular, Roth’s theorem will be implied by the following result.

Theorem 10.9 (Varnavides’ theorem) [372] Let Z be a finite additive group of
odd order. Then for any non-empty set A C Z we have

Az(1y, 14, 14) = Qp,a)(1).

In other words, we have A3(14, 14, 14) = c(Pz(A)) where c(Pz(A)) > 0depends
only on the density Pz(A) of A and not on the group Z. More generally, if f :
Z — R" is a non-negative function which is not identically zero, and obeying the
bound 0 < f(x) <1 forall x € Z, then

As(f, £, f) = QE,(n(D).

Note that Varnavides’ theorem is in fact a bit stronger than Roth’s theorem, as
it implies that any subset of Z of density § will contain Q;(] Z|?) proper arithmetic
progressions of length 3, if Z is sufficiently large depending on §. This is in
contrast with Roth’s theorem which would only provide a single proper arithmetic
progression of length 3. Nevertheless, a simple averaging argument shows that the
two theorems are equivalent: see exercises.

It is still not clear how to convert the heuristic (10.3) into a rigorous state-
ment such as Theorem 10.9. Indeed (10.3) can fail for certain special A, with
As3(14, 14, 14) ranging as high as P (AP ifAisa subgroup of Z, and as low as

P (A)Q(]Og Lz if A is given by the Behrend example (see exercises). However, it
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turns out that As3(14, 14, 14) will be very close to P,(A)? (as predicted by (10.3))
as long as A has very little linear bias. Recall from Definition 4.12 that the linear
bias (or Fourier bias) ||A||, of an additive set A was defined as

Al == sup [T4(&) = sup [Erezla(x)e(—& - x).
£€Z\0 £€Z\0

Proposition 10.10 (Lack of progressions implies non-uniformity) /[287] Let
A be an additive set in a finite additive group Z of odd order. Then

|A3(14, 14, 14) = P2(A)’] < |AllP2(A).

In particular, if A contains no proper arithmetic progressions of length 3, then we
have the linear bias estimate

1AL = Po(AY — -
|Z]
Proof From the identity a — 2(a + r) 4+ (a + 2r) = 0, and the observation that
the map x — 2 - x is bijective on Z when |Z]| is odd, we see that

1
A3(1a, 14, 14) = W|{(al702703) EAX(=2-A)xA:0=a +a +as}l
Applying Lemma 4.13 we obtain the first inequality. The second claim then follows
from (10.4). d

This shows that the only way the heuristic (10.3) can fail is if the function 1 4 has
alarge correlation with a linear character e(§ - x). This very important observation
can be viewed as an inverse theorem for As; we will return to this perspective in
the next chapter. There is an analog of the above proposition for functions. Define
the linear bias || f|,2(z) of a function f : Z — C to be the quantity

I £ llcz) == sup | f(€)I. (10.5)
teZ

The reason for the notation #2(Z) will be made clearer in the next chapter. Note
for instance that || All, = |14 —Pz(A)ll,2z) forany A C Z.

Proposition 10.11 Let Z have odd order. For any functions f, g, h : Z — C, we
have the identity

As(f.8. ) =Y FER-26)h(E). (10.6)

EeZ

We can then conclude the estimate

[A3(f, & W] < I fllecpligl izl iz

and similarly with f, g, h permuted on the right-hand side.
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Proof From the Fourier inversion formula (4.4) we have
f=) FEDes; g=) 8Edes; h=) hEe,
& 5 &3

and hence

As(figh= D FEDEEIRED)A (e es,. ex,).
§1.62,65€Z

On the other hand, a direct computation using Lemma 4.5 shows

A(efl’ 652’ e&) = 1(52 = _251’§3 = El)

which gives (10.6). From Parseval’s identity (4.3) and the hypothesis that Z has
odd order, we have

D 1261 = llgllazy: D IRE = 11k},

EeZ EeZ
and the claim then follows from Holder’s inequality. Similarly if the roles of f, g, h
are permuted. O

To exploit inverse results such as Proposition 10.10 or Proposition 10.11, there
are two arguments available: the density increment argument of Roth, and the
energy increment argument developed separately by Furstenberg and Szemerédi
(in very different contexts). The density increment argument proceeds informally
as follows. To prove Roth’s theorem, suppose for contradiction that one can find a
dense set A in a large group Z (or interval [1, N]) which contains no progressions
of length three. Proposition 10.10 then implies that A has large linear bias, thus
14 correlates with some linear phase function e(§ - x). It then turns out that this
linear bias can be converted into a density increment, or more precisely some
structured subset Z’ (such as a subgroup, a sub-progression, or a Bohr set) of the
original space Z on which A has larger density, thus Pz (A) > Pz(A). (Recall that
Pz (A)=|ANZ'|/|Z'| and Pz(A) = |A|/|Z].) One then passes to this structured
subset and repeats the argument. If the original space Z was large enough, we
can run this argument for so many steps that the relative density of A eventually
exceeds 1, a contradiction.

The energy increment argument proceeds differently, aiming to prove
Varnavides’ theorem instead of Roth’s theorem (i.e. one seeks non-trivial lower
bounds on Asz(f, f, f)). Instead of continually changing the ambient space Z, we
now hold Z fixed, but instead construct certain low complexity approximations
fu+ to the original function f. Initially, our approximation will just be the density,
fur = Pz(A). We now consider the error fy := f — fy+ between the indicator
function and the approximation. If this error is very linearly uniform (in the sense
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that the Fourier bias || fyl,2(z) is small), then Proposition 10.11 can be used to
approximate As(f, f, )by As(fyx, fur, fut), and one can exploit the low com-
plexity of f1 to obtain a non-trivial lower bound on the latter quantity. If instead
the error exhibits linear bias, one can exploit this by refining the approximation
fu+ to absorb this bias; this will increase the energy || fy- ||i2 2 of fy1 by asignif-
icant amount. One then repeats the argument until the error fi contains no further
bias; a key point will be that that f (and hence f;;.) remain bounded throughout
the iteration and so the energy of fy. cannot increase indefinitely.

Exercises

10.1.1

10.1.2

10.1.3

10.1.4

Let Z be a finite additive group of odd order, let0 < § < 1, and let A be a
random subset of Z such that the events x € A are independent with prob-
ability P(x € A) = . Show that with probability 1 — 0|z7|-c:s5(1), We
have Pz(A) =45+ 0‘Z|ﬁoo;3(l) and A3(1A, lA, 1A) = 53 + 0|Z|eoo;5(1),
thus confirming (10.3) in the random case. (Hint: use Corollary 1.9.)
Let Z be a finite additive group of odd order. Show that A3(14, 14, 14) <
P,(A)?, withequality attained if and only if A is the translate of a subgroup
of Z.

Let N, d,r > 1 be integers, and consider the set

A={(m,....,n) €[0,N/2)" :nf+ - +nj=r},

viewed as a subset of Zj’v. Show that this set has no proper arith-
metic progressions of length 3, and can have cardinality as large as
(N /2)d / (d*N?) for a suitable choice of r. Conclude in particular that
r3(Z4) > N4/(24d>N?).

(Behrend’s example) [21] Using the preceding exercise and a Freiman
isomorphism, establish the bounds

r3(Zy), r3([1, N]) = Q(Ne—O(\/W))

for all large N. In particular, it is not the case that 73([1, N]), r3(Zy) =
O(N'~®) for any fixed & > 0. This rules out a number of elementary
approaches to proving Roth’s theorem or Szemerédi’s theorem (e.g argu-
ments based entirely on Cauchy—Schwarz and pigeonhole principle type
arguments) as these tend to only give polynomial type bounds. We remark
that the more general estimate

r(Zy), re([1, N1) = Qi (N exp ( — Ox(log N)"/(Hlloe(t=Dhy)

for all k > 3 has been established in [277], [221] by a similar argument.
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Given any 0 < § < 1, give an example of an additive set A in a cyclic
group Zy such that Pz(A) > § but

ALy, 14, 1) = O (8902 D),

(Hint: use the Behrend example.) Thus it is not possible to establish any
lower bound of the form A(ly4, 14, 14) = Q(P2(A)°) for any absolute
constant C > 0.

[253] Let N be a large number. Show that one can color Zy into
exp(0(y/Tog N)) color classes, such that none of the color classes con-
tains aproper arithmetic progression of length three. Hint: modify the
Behrend example.

Show that Varnavides’ theorem for sets A implies Varnavides’ theo-
rem for functions f. (Hint: either bound f from below by a constant
multiple of an indicator function, or construct a set A probabilisti-
cally using f(x) as the probability that x € A and use the first moment
method.)

Show that the special case r3([1, N]) = ony— (V) of Roth’s theorem
implies Varnavides’ theorem for Z y . (Hint: take aset A in Zy and intersect
it with arandomly chosen progressiona + [1, M] - r for some moderately
large M, and apply Roth’s theorem to the progressiona + [1, M] - r. Then
use the first moment method.)

Let F be a finite field. Show that the special case r3(F") = 0, 0. (N) of
Roth’s theorem implies Varnavides’ theorem for F”. (Hint: take a set A in
F" and intersect it with arandomly chosen m-dimensional affine subspace
of F" for some moderately large m. Then argue as in the preceding
exercise.)

Show that Roth’s theorem for arbitrary Z implies Varnavides’ theorem
for arbitrary Z.

Use Proposition 10.11 and the decomposition 14 = (14 — Pz(A)) +
P (A) to provide an alternative proof of Proposition 10.10.

Assume Theorem 10.9. Let (X, B, du) be any probability space (so
uw(X)=1), and let T : X — X be any measure-preserving bijection
on X, so w(T"(E)) = uw(E) for all E € B and n € Z. Show that if
f : X — R*is any function with 0 < f(x) < 1 almost everywhere and
Jx f=8>0,then

liminfE,ei-x.x) / FOOT" fT? f(x) dpu(x) = (1),
—00 X



