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4.6 The spectrum of an additive set

We now use Fourier analysis to investigate the spectral properties of additive sets
A which have high additive energy E(A, A); examples of such sets include sets
with small sum set |A + A| or small difference set |A — A| (cf. (2.8)). One can
already conclude from estimates such as (4.23) that such sets must be highly non-
uniform, i.e. 1 4 contains non-trivial Fourier coefficients. However, this by itself is
not the strongest Fourier-analytic statement one can say about such sets. In order to
proceed further it is convenient to introduce the notion of the a-spectrum of a set.

Definition 4.34 (Spectrum) Let A be an additive set in a finite additive group Z
with a non-degenerate symmetric bilinear form - and let « € R be a parameter. We
define the a-spectrum Spec,(A) C Z to be the set

Specy (A) := (£ € Z : [T4(€)] > aP2(A)}.

One could define this spectrum without the assistance of the bilinear form -, but
then it would be a subset of the Pontryagin dual group Z rather than Z.

From Lemma 4.9 we see that the sets Spec, (A) are symmetric, decreasing in c,
empty for @ > 1, contain the origin for ¢ < 1, and are the whole space Z whenever
o < 0. Thus the spectrum is really only an interesting concept when 0 < o < 1.
In the extreme case o = 1 the spectrum becomes a group, see Exercise 4.6.2.

From (4.16) (and Markov’s inequality) we observe the upper bound

ISpec, (A)] < a™?/Pz(A) (4.37)

on the cardinality of the a-spectrum. In fact we can use Rudin’s inequality to
obtain a more precise structural statement, in which the polynomial loss in P2 (A)
is replaced with a logarithmic loss. To prove this statement, we first need an easy
lemma (cf. Corollary 1.42).

Lemma 4.35 (Cube covering lemma) [36] Let S be an additive set in an ambi-
ent group Z, and let d > 1 be an integer. Then we can partition S = DU --- U

Dy UR where Dy, ..., Dy are disjoint dissociated subsets of S of cardinality
d + 1, and the remainder set R is contained in a cube [—1,11% - (1, ..., na) for
some Ny, ...,Nq € Z.

Proof We use the greedy algorithm. We initially set k = 0. If we can find a
dissociated subset D of S of cardinality d + 1, we remove it from § and add it to
the collection Dy, ..., Dy, thus incrementing k£ + 1. We continue in this manner
until we are left with a remainder R where all dissociated subsets of S have
cardinality d or less. Let {n, ..., ns} be a dissociated subset of R with maximal
cardinality; thus d’ < d. Observe that if R contained an element & which was not
contained in [—1, 1]‘1/ -1, ..., nar), then {ny, ..., na, &} would be dissociated,
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so contradicting maximality of d’. Thus we have R C [—1, l]d’ M1y ey Nar),
and the claim follows (padding out the progression with some dummy elements
Na'+1, - - - » Na if necessary). O

Lemma 4.36 (Fourier concentration lemma) [48] Let A be an additive set in
a finite additive group Z, and let 0 < o < 1. Then there exist d = O(a’z(l +
log #(A))) and frequencies 11, . .., ng € Z such that

Spec,(A) C [—1, 114 - (1, - .., na).

This result is essentially sharp in a number of ways; see [146].

Proof Tt will suffice to show that for each phase 8 € R/Z, the set
S = {8 € Z 1 Re e®)Ta(®) = SP2(W)}

can be contained in a progression of the desired form, since from Definition 4.34
we see that Spec,, (A) is contained in the union of a bounded number of the Sy, and
we can simply add all the progressions together (here the fact that we have «/2
instead of « in the definition of Sy is critical).

Fix 6. By Lemma 4.35, it will suffice to show that

1
S’ < Ca™? (1 +1o )
|S gPZ(A)

for all dissociated sets S’ in Sy. But if ' € Sy, then by definition of Sy

Re e(0) ) Li(6)15(6) = SPAA)IS|

EeZ

Let f(x):= W ZE cs €(x, &) be the normalized inverse Fourier transform of
1g; then by (4.3) the left-hand side is equal to Re e(@)|S/|1/2EzlAf. Thus we
have

E 14l f1 = SP2(AS|.
The left-hand side can be rewritten as

E21A|f|=/ Poos(r € A: | f(0)] = 1) dA,
0

cf. (1.6). To bound P,z (x € A;|f(x)| > A), we can either use the trivial bound
of Pz(A) or use (4.34) to obtain a bound of C e X3 (for instance). Thus we have

A
/ min (P2(A), Ce /%) di > %PZ(ANS/I”Z-
0

The left-hand side is at most CPz(A)(1 + logl/ 2 ﬁ), and the claim follows.
O
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The above lemma suggests that the spectrum has some additive structure. This
is confirmed by the following closure properties of the o-spectrum under addition:

Lemma 4.37 Let A be an additive set in an finite additive group Z, and let g, &' >
0. Then we have

Spec;_.(A) + Spec;_..(A) C Spec|_ oy er)- (4.38)

In a similar spirit, for any 0 < a < 1 and for any non-empty S C Spec,(A) we
have

2
€L 6) € S x S: & —& e Spec p(A))] = %|S|2 (4.39)

See Exercise 4.6.2 for the ¢ = 0 case of this lemma. This lemma should be
compared with Lemma 2.33. Indeed there is a strong analogy between the spectra
Spec,(A) and the symmetry sets Sym, (A), which are heuristically dual to each
other.

Proof We first prove (4.38). Let & € Spec,_, and & € Spec,_,., then there exists
phases 6, 8’ € R/Z such that

Re E cze(§ - x +0)1a(x) = (1 — &)Pz(A);
Re E.cze(E - x +6)14(x) > (1 — £)Pz(A).
Since Re E, 714 = Pz(A), we thus have
Re E cz[2e(& - x +0)+2e(& - x +6') — 3]14(x) = (I — 2(e 4+ &"))Pz(A).

To conclude that & + &” € Spec;_,, ., (A), it will thus suffice to establish the
pointwise estimate

Re [2¢(£ - x +60) +2e(E - x +0') — 3] < Re [e"™e(x, & +&)].

Writing e(& - x +60) = ¢ and e(&' - x +0') = ¥ for some —n/2 < B, p <
—m /2, we reduce to showing

2 cos(B) + 2cos(B’) — 3 > cos(B + B).

But by the convexity of cos between —m /2 and 7 /2, we have

2 cos(B) + 2cos(B’) — 3 > 4cos ('BZ'B ) -3

’ 2 / 2
:2005<w) —1—2<1—cos<'8+'8))
2 2

> cos(B + B)

as desired.
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Now we prove (4.39), which is due to Bourgain [41]. Set a(§) := sgn(iA(’g‘))
for & € S; thus

Eccz Y a@e - x)latx) =Y [14)] = aPz(A)|S].
&esS £es
Applying Cauchy—Schwarz, we conclude
2
14(x) = a*Pz(A)|SI.

E.cz|Y_a®)e( - x)

EeS

But the left-hand side can be rearranged as
Y aEnaE)laE — &),
§1.6€8
so by the triangle inequality we have
Y 1TaE — £l = @S
§1.6€S8
In particular (cf. Exercise 1.1.4)
ITa6 — &)1 = ?/2ISP?
§1,.62€8:61—62€8pec,2 5 (A)
and (4.39) follows. O

We now show that small sum sets force large spectra (cf. Exercise 4.3.9, or
Exercise 4.6.3 below).

Lemma 4.38 Let A be an additive set in an finite additive group Z, and let 0 <
o < 1. For any integers n, m > 0 with (n, m) # (0, 0), we have the lower bound
on sum sets

|A]
ISpec, (A)|Pz(A) + o2+m=2"

[nA —mA| >

Proof We may take n, m > 0. Consider the function f = 1 % ---% 14 % 1_4 %
-+ % 1_, formed by convolving n copies of A and m copies of —A. Then f is
non-negative and supported on nA — m A, and thus

E;f <Pz(nA —mA)'*Ez|f1H)'2.
From (4.10) we have Ez f = P,(A)"™. From (4.9) and (4.17) we have f =

~p=m

14 14 .Combining these inequalities with (4.2) we see that
|Z|PZ(A)2(n+m)

[nA —mA| > =~ — .
Y eey [La(E)20m
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But
Z |1/:4(%-)|2(n+m) < Z PZ(A)Z(rH—m)
§eZ £eSpec, (A)
+ Z 062(”+m)72P2(A)2(n+m)72| ﬁ($)|2
§&Spec, (A)
< PZ(A)2(11+m)|SpeCa(A)| + a2(n+m)72PZ(A)2(n+m)71

and the claim follows. O

Now we consider the following inverse-type question: if A has additive structure
in the sense that its energy E(A, A) is large or its difference set |[A — A| is small,
is it possible to approximate A (or a closely related set) by a Bohr set? We give two
results of this type, one which places a relatively large Bohr set inside 2A — 2A,
and another which places A — A inside a relatively small Bohr set. We begin with
the former result, the main idea of which dates back to Bogolyubov.

Proposition 4.39 [295] Let 0 < o < 1, and let A be an additive set in a finite
additive group Z such that E(A, A) > 4a%|A|>. Then we have the inclusion

1
Bohr (Speca(A), 8) C2A —2A. (4.40)

Proof Letx be any element of the Bohr set Bohr(Spec,(A), %), thusRe e(§ - x) >
% for all £ € Spec,(A). To show that x € 2A — 2A4, it would suffice to show that
Tasx1gx1_4%1_4(x) £ 0. Butfrom (4.4), (4.9), (4.17) we have

Laslaslgxl a0 =Y [T4E)|e(E - x).

EeZ

Now take real parts of both sides and use the hypothesis on x to obtain

Laklasl vl )= Y [L@Ree¢ -0+ Y [1a@)I'Ree(x, &)

&eSpecy (A) £¢Spec, (A)
1 A A
=5 > Ler- Y Ler
£eSpec, (A) &¢Specy (A)

1 A 3 N

=32 L@ =5 > @
tez §¢Specy, (A)
1EA,A) 3 ) yr s
= - = Pz(A)|1

= 51Zp 2;“ 2(A) 114
1EA A 3, 5

> - — Za’P,(A)

=27zp 20l z(A)

>0

as desired, where we have used the hypothesis on « in the last step. O
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Now we give a converse inclusion, which applies to sets of small difference
constant 5[ A] but requires the spectral threshold to be very large.

Proposition 4.40 Let K > 1. If A is an additive set in a finite additive group Z
such that |A — A| < K|A| (i.e. §[A] < K)and 0 < ¢ < 1, then

A — A C Bohr(Spec,_,(A — A), V8eK).

Proof Letx,y € Aand& e Spec,_,(A — A). Then there exists aphase ¢ € R/Z
such that

Re ) eE-x+60)=(1—6lA—Al
zEA—A
and hence
Z (1—Ree(f-x+0)) <¢elA—A|l <eK|A|
zeEA—A
Since the summand is non-negative, and A — A contains both x —a and y — a,
we thus have
D Il —Ree( - (x —a)+0)| < eK|A]|
acA
and hence by Cauchy—Schwarz
DI —Re e - (x —a)+0)]'2 < e' 2K
acA

From the elementary identity
11 — e()] = V2|1 — Re e(a)]'?
we conclude that

Dl —eE - (x —a)+0)| < V2e' K| Al

acA

Similarly for x replaced by y. By the triangle inequality we conclude that

Y leE - (y—a)+0) — e - (x —a) + 0)| < V22'PK'?|A].

acA

But the left-hand side is just |A]e(§ - (x — y)); thus
le - (x —y)) — 1| = V8eK.
Since & € Spec;_,(A — A) was arbitrary, the claim follows from (4.24). O

In the next chapter we apply these propositions, together with the additive
geometry results from Chapter 3, to obtain Freiman-type theorems in finite additive
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groups. For now, we shall give one striking application of the above machinery,
namely the following Gauss sum estimate of Bourgain and Konyagin:

Theorem 4.41 [44] Let F = F, be a finite field of prime order, and let H be a
multiplicative subgroup of F such that |H| > p® for some 0 < § < 1. Then, if p
is sufficiently large depending on 8, we have ||H ||, < p~¢ for some ¢ = ¢(§) > O.
In other words, we have

sup < p °lH|.

£eZ,\0

D e(xé)

xeH

Proof We may use the standard bilinear form & - x = x&/p. Since h- H = H
for all i € H, we easily verify that 1,(h'6) = 1,(&) forall h € H and £ € Z.
This implies in particular that Spec,(H) = H - Spec,(H). Thus each Spec,(H)
consists of multiplicative cosets of H, together with the origin 0.

We use an iteration and pigeonhole argument, similar to that used to prove
Theorem 2.35. Let J = J(§) > 1 be a large integer to be chosen later, and let
e = &(J, 8) > 0 be a small number also to be chosen later. Define the sequence
1 >0 > >0y >0bysetting a; := p~° and ajy| 1= ajz./Z. Suppose for
contradiction that ||H|, > p~¢; then Spec, (H) contains a non-zero element,
and hence by the preceding discussion |Spec,, (H)| > |H|+ 1 > p® + 1. Since
Spec,, (H) is increasing in j, we see from the pigeonhole principle that there
exists 1 < j < J such that

|Spec,,,,(H)| < p"’|Spec, (H)I.

On the other hand, from Lemma 4.37 we have

o
{61, &) € Spec,, (H) x Spec,, (H) : &1 =& € Spec,, ., (A)}] = = ISpec,, (H)I*.

Applying Cauchy—Schwarz or Lemma 2.30 we conclude that
E(Spec, (H), Spec, (H)) = QJ(pio"(a)io(l/J”SpCCa/_(H)|3).
If we let A := Spec, (H)\{0}, we thus obtain
E(AA) = Qj(p*01(8)70(1/1)|A|3)

since |A| > p?, J is large enough depending on &, and & small enough depending
on J, §. But A is a union of cosets x - H of H for various x € F,\{0}. Applying
Exercise 2.3.20

E(A,x-H)=Q;(p~ %Y HP?).
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Dilating this by x~
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! we obtain

EG™ A H) = Q(p= @072 DA HP).

But this will contradict Corollary 2.62 if J is sufficiently large depending on &,
and ¢ sufficiently small. O

In [40] this result was extended (using slightly different arguments) to the case

where H was not a multiplicative subgroup, but merely had small multiplicative
doubling, for instance |H - H| < p°|H|. In [41] the result was further extended to
the case where the field F, was replaced by a commutative ring such as F, x F),
(with Theorem 2.63 playing a key role in the latter result). This yields some
estimates on exponential sums related to the Diffie—-Hellman distribution and to
Mordell sums; see [40], [41] for further discussion.

Exercises

4.6.1

4.6.2

4.6.3

4.6.4

4.6.5

Let A be an additive set in a finite additive group Z and let o € R.
Show that A, —A, and T"A all have the same spectrum for any h €
Z; thus Spec, (A) = Spec,(—A) = Spec(T"A).If ¢ : Z — Z is a group
isomorphism of Z, show that Spec,, (¢(A)) = ¢'(Spec,(A)), where ¢ is
the adjoint of ¢, defined in Exercise 4.1.8.

Let A be an additive set in Z. Show that the spectrum Spec;(A) is a
group and is in fact equal to (A — A)*, the orthogonal complement of the
group generated by A — A. Also, recall that Sym,(A) :={h e A: A+
h = A} isthe symmetry group of A; show that the orthogonal complement
Symyg(A)* of this group is the smallest group which contains the Spec,, (A)
for all @ > 0.

Let A be an additive set in an finite additive group Z, andlet 0 < o < 1.
Establish the inequalities

E(A, A)
|AP
Thus, large energy forces large spectrum (and conversely).
Let 0 <@ <1, and let A, B be additive sets in Z with |[A| = |B| =N
and E(A, B) > 4a>N?3. Show that |Spec, (A) N Spec,(B)| > % Thus
pairs of sets with large additive energy must necessary have a large amount
of shared spectrum.
If A is an additive set in a finite additive group Z, and A’ is an addi-
tive set in a finite additive group Z', show that Spec, (A) x Specgz(A") €
Specaﬂ(A x A’)forall 0 < a, B < 1, where we give Z x Z’ the bilinear
form induced from Z and Z'.

a*[Spec, (A)|Pz(A) <

< [Spec, (A)[Pz(A) + o’



