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when k£ = 2, conclude that dim({1, 2, 4, 5}) > dim({1, 2, 3, 4, 5}), thus
demonstrating that Freiman dimension is not monotone.

Show that the Freiman dimension dim(A) = dimy(A) of an additive set
is a non-increasing function of k, thus dimy;(A) < dimg(A).

Let k > 2, and let A be an additive set such that o[A] < % Show that
dim(A) = 1. (Hint: embed A in a universal ambient group and apply
Corollary 5.6.)

Let (A, Z) and (A’, Z') be additive sets. Show that dim(A @ A’) =
dim(A) + dim(A").

Let ¢ : A — A’ be a surjective Freiman homomorphism. Show that
dim(A’) < dim(A).

Let A be an additive set, and let Z be a universal ambient group for
A. Show that Tor(Z) = {0} if and only if the group homomorphism
7 : Homy(A — R) - Homy(A — R/Z) defined by 7 (¢) := ¢ mod 1
is surjective, or in other words every Freiman homomorphism from A to
R/Z lifts up to a Freiman homomorphism from A to R.

Letk = 2 and consider the set A := {2e;, e; + e, 2e, €5 + €3, 2e3, e3 +
es, 2es, e4 + €1} in Z*, where ey, ey, e3, e4 is the standard basis; one can
view this as a generic skew quadrilateral together with the midpoints.
Show that (A, Z*) has Z* x (Z/2Z) as a universal ambient group. Thus
it is possible for the universal ambient group to contain some torsion
even when the additive set can be embedded in a torsion-free additive
group. Write down an embedding of A in the universal ambient group
77 x (Z/2Z), and compare it with a torsion-free representation [A] of A;
are they Freiman isomorphic to each other?

Generalize Theorem 5.11 to handle additive sets A in any torsion-free
additive group.

5.6 Freiman’s theorem in an arbitrary group

Now we use the universal group, combined with Fourier analysis and additive
geometry, to obtain Freiman’s theorem in an arbitrary additive group. This result
was first obtained by Green and Ruzsa [157]; the approach here is inspired by their
argument but is arranged somewhat differently, relying in particular on volume
bounds on polar bodies instead of the Ruzsa—Chang theorem (Theorem 5.30), and
working in the universal ambient group rather than by introducing a sequence of
successively smaller ambient groups to contain the additive set A.
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Observe that in some inverse sum set theorems (Corollary 5.6, Theorem 5.27)
a set with small doubling was contained inside a finite group (or a coset of such a
group), whereas in other inverse sum set theorems (Theorem 5.11, Theorem 5.32,
and to a lesser extent Corollary 5.19) a set with small doubling was contained
inside a progression. In general, it is convenient to place a set of small doubling
inside a coset progression P + H, which was defined in Definition 4.21.

Theorem 5.44 (Freiman’s theorem in an arbitrary group) [/57] Let K > 1,
and let (A, Z) be an additive set in an arbitrary group Z such that |A + A| <
K|A|. Then there a coset progression P + H of rank at most dim(A) such that
A C P+ Hand|P||H| < exp(O(K°Y)|A|. If Z is the universal ambient group
of A, then we can take H = Tor(Z).

One can make the constants in exp(O (K °1)) more explicit; see [157].

Proof Here we shall fix the order k of the Freiman homomorphisms under con-
sideration to be k = 2. Without loss of generality we may assume Z is the universal
ambient group; the general case then follows from Definition 5.37 (and the obser-
vation that the image of a group or progression under a group homomorphism is
still a group or progression). We write d := dim(A); from Corollary 5.43 we have
d = 0(K°W),

We know that Z is isomorphic to Z¢ x Z x Tor(Z); we shall abuse notation and
identify Z with Z¢ x Z x Tor(Z), in particular identifying Tor(Z) with {(0, 0)} x
Tor(Z). We can also arrange matters so that the Z component of Z is given by the
degree map, thus deg((n, m, x)) =m for all n € Z¢ meZ, x € Tor(Z), and A
lives entirely in Z¢ x {1} x Tor(Z). By using a group isomorphism to translate A
in the Z¢ x Tor(Z) direction if necessary, we may assume that (0, 1, 0) € A.

At present, Z is not a finite group and so we cannot directly apply the Fourier
analytic techniques from Chapter 4. Thus we shall truncate Z to a finite group (cf.
the use of Lemma 5.26 to prove Theorem 5.30); an alternative approach (which
we do not pursue here, due to some minor measure-theoretic and analytic issues
which arise) is to extend the theory of the Fourier transform and of Chapter 4 to
infinite additive groups. We choose an extremely large prime number p depend-
ing on A (much larger than any of the d + 1 coefficients of elements of A in
the Z4*! component of Z), and let 7, : Z — Z, be the canonical projection
from Z = Z¢ x Z x Tor(Z) to the finite additive group Z, := Z”pl x Tor(Z). If
p is sufficiently large, then 7, is a Freiman isomorphism from A to the addi-
tive set A, := 7 ,(A). We endow Z, with the symmetric non-degenerate bilinear
form

x§
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forallx, § € Z‘[j, and y, n € Tor(Z), where n - y is some symmetric non-degenerate
bilinear form on Tor(Z) (the exact choice of which will be irrelevant).
1

Let @ := 1 — {55zz- Now we establish some lower bounds on the spectrum

Spec, (A, — A,)of A, — A,, as defined in Definition 4.34. O
Lemma 5.45 We have |Spec, (A, — A,)| > exp(—O(KO(l)))|Zp|/|A,,|.

Proof We first control the size of sum sets nA for very large n. Since A, is
Freiman isomorphic to A, we have 6[A,] < K. By Proposition 2.26 we can thus
contain A, inside a translate of a K C_approximate group H of size |H| < K€|A ol
thus 2H C H + X for some X of cardinality O(K 9V). Iterating this we see that
nH C H+ (n — 1)X, and thus

In(A, — A, < [2nH|
< |H[|(2n — DX]
- K0<1>|A,,|<'X' +2n — z)
IX|
< K°D|A,|(1X] +2n —2)|X].

If we then set n := CK€ for a sufficiently large constant C, we can ensure that
1,
In(A, — A,) < Eaz A, — Ayl
We then apply Lemma 4.38 to obtain
1 2—-2n
|Speca(Ap - Ap)| PZ(Ap - Ap) = Ea

and the claim follows (recall [A, — A,| < K2|A,,| from Ruzsa’s triangle
inequality). O

Now we can use the theory of Freiman homomorphisms and the universal
ambient group to eliminate the role of the torsion group. Let IT: Z — Z¢ C R¢
be the canonical projection from Z = Z¢ x Z x Tor(Z) to Z¢*!, thus T1(A) is a
subset of Z¢*! and hence of RY*!.

Lemma 5.46 We have Spec, (A, — A,) C Z‘; x {0}. Furthermore, if &' € Z‘; is
such that (§',0) € Spec, (A, — A,), then there exists £e % .24 C RY with & =
&'/p (mod 1) such that | (x, §)| <  forall x € TI(A) — TI(A).

Proof From Ruzsa’s triangle inequality we have |[A, — A,| < K 2|A pl. From
Proposition 4.40 we thus see that A, — A, C Bohrz(Spec,(A, — A,), %). Thus
ifé € Spec, (A, — Ap),thenle(§ - x) — 1| < %forallx € A, — A,. Inparticular
we can find a phase e?*'? for some 6 € R such that |e(£ - x) — ¢*™%| < % for all
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x € A,. We can thus find a function y : A, — Rsuch thate(§ - x) = e(x(x)) and
0—1—10 <X(x)<9~|—% for all x € A, It is then easy to see that x : A, — R
is a Freiman homomorphism, and hence x o 7, : A — Ris a Freiman homomor-
phism. Since Z is a universal ambient group for A, we thus see that we can extend
X o 7, to a group homomorphism () o 7)ex : Z — R. Butsince Ris torsion-free,
this group homomorphism must annihilate the torsion group Tor(Z). In particu-
lar, the map ¢ : x > (X © 7 )exi(x) mod 1 is a group homomorphism from Z to
R/Z which annihilates Tor(Z). On the other hand, the map ¢ x> E- 7,(x) is
another group homomorphism from Z to R/Z which agrees with ¢ on A. Since
Z is a universal ambient group for A, this means that ¢ = ¢, and thus ¢ must
also annihilate Tor(Z). In other words we see that £ - x = 0 whenever x € Tor(Z),
which means that & € Zf, x {0}, and the first claim follows.

Now let&’ € Z‘I{ be such that (¢, 0) € Spec, (A, — Ap). Then as before we can
find a Freiman homomorphism x : A, — R such that

(§',0)-x = x(x)mod 1 forallx € A, (5.17)
and a 6 € R such that
1 1
9—1—0<X(x)<9+1—0f0rallxeAp—Ap, (5.18)

and we have a group homomorphism (x o 7)ex : Z — R which extends x o
and annihilates Tor(Z). Since Z = Z% x Z x Tor(Z), we thus see that there exist
£ € R? and 5 € R such that

(x o Mext(n, m,x)=n-& +mnforalln e Z{meZ, xe Tor(Z).
Restricting this to elements of A (which lie in Z¢ x {1} x Tor(Z), we obtain
x((mmod p, x)) = x(w(n,1,x)) =n-&+ nwhenever (n, 1,x) € A. (5.19)
Applying (5.17) we obtain
n-&/p=n-&+n(mod 1) whenever (n, 1, x) € A.

Since (0, 1,0) € A, we conclude that n = 0 (mod 1). Since A generates all of
Z =7¢ x Z x Tor(Z), we infer that £ = &’/p (mod 1) as desired; in particular
e i - Z4. Next, we apply (5.18) to deduce that

1 - 1
Q—E<n-§+n<0+Ewhenever(n,l,x)eA

and thus

. 1
|(n—n')-&| < 3 whenever n, n’ € TI(A),
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and the claim follows (note that the dot product » - x and the inner product (n, x)
agree when n € Z% and x € RY). O

Since IT(A) — I1(A) is a subset of Z7, it is also a subset of R?. Let B be the
convex body generated by the open convex hull of TT(A) — I1(A); note that B
is open and non-empty because A generates Z, and hence I1(A) generates Z¢.
Introducing the polar body

B°:={xeR?:|x-y| <1forall y € B}
of B, we can rewrite the conclusion of Lemma 5.46 as
Fei.p
€ — - B°.
5
Combining this with Lemma 5.45, we thus see that

‘(% ) Bo> n <l -Z") _ exp(—=CK)|Z)| _ exp(—O(KV))p?[Tor(Z)|
p

- |Apl [Al
and thus

p—d

_wC
BN (l -Zd)‘ - exp(—CK©)|Tor(Z)|
p |Al

Now we take limits as p — o0. Since B° is open and bounded, the left-hand side
is just the Riemann sum for mes(B°), and thus

mes(B°) > exp (— O(K°"))[Tor(2)|/|Al.
Now we use the machinery from Chapter 3. Using the rather crude bound

KoM

mes(B)mes(B) < 0(1) = O(1) (5.20)

(see Exercise 5.6.1), we can convert this lower bound on B° to an upper bound
for B:

mes(B) < exp (0 (K°"))|A|/|Tor(Z)|.

Note that B NZ¢ contains TT1(A) — [1(A); since I1(A) generates Z¢, we thus
conclude that B N Z¢ linearly spans R?. From this and Lemma 3.26 we see that

|IBNZY| < exp(0(K°D))|A]/|Tor(Z)]

where we have used the earlier observation d = O (K °"") to absorb the 3¢d!/2¢
factor from that Lemma. Applying the discrete John theorem (Lemma 3.36) we
can thus place B inside a progression Q C Z¢ of rank at most d and volume

10| < exp (O(K°D))|Al/|Tor(Z)],
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again using the observation d = O(K "), this time to absorb the factors of
(d**)? that will appear. Since A was normalized to contain (0, 1, 0), we have
the inclusions IT(A) C T1(A) — [1(A) € BNZ? C Q, and hence A < I17'(Q).
But we may write [T-!(Q) = P + G where P is an isomorphic copy of Q, and
G := Tor(Z). Theorem 5.44 follows.

Remark 5.47 Itseems of interest to improve the exponential losses exp(O(K (1))
in the above argument. Many of these losses are really exponential in the Freiman
dimension d rather than in the doubling constant K, so one expects to gain some-
what when the Freiman dimension is small. However, the main step where the
exponential losses are largest lies in the proof of Lemma 5.45, where one is forced
to control extremely large sum sets of A, in order to obtain a lower bound on the
size of the spectrum. It may be that one will have to use a non-Fourier-analytic
approach in order to avoid this type of loss. On the other hand, the asymptotic
behavior of iterated sum sets is certainly relevant to the task of containing A inside
a convex body or arithmetic progression (see Exercise 5.6.4). However, it may well
be that this type of argument can at least be pushed to improve exp(O (K °1")) to
a factor like exp(O(K log®" K)) or perhaps even exp(O(K)).

We now comment briefly on the slightly different argument of Green and Ruzsa
[157] in establishing the above theorem. Instead of working in a universal ambient
group, which could be infinite, they proceed by first using a Freiman isomorphism
(of order at least 16, say) to embed A inside a very large finite group (similar
to the group Z, used in the analysis here), and then to use an estimate similar
to Lemmas 5.45 and 5.46 to reduce the size of this ambient group Z iteratively
until | Z| < exp(CK€)|A| (the point being that if |Z| > exp(CK€)|A|, then the
arguments of Lemmas 5.45 and 5.46 can be used to locate a narrow Bohr set that
contains A, which is then Freiman isomorphic to a subset of a smaller group than
Z. At this point one can apply an extension of Theorem 4.42 (for arbitrary finite
additive groups, not necessarily cyclic) to show that 2A — 2 A contains the sum of
a large progression and a large group, at which point one can conclude a Ruzsa—
Chang type theorem for arbitrary groups, which then implies the above theorem
by an argument similar to how Theorem 5.30 implies Theorem 5.32. In particular,
they establish

Theorem 5.48 (Ruzsa—Chang theorem in arbitrary groups) [/57] Let A be
an additive set in an arbitrary additive group Z such that |A + A| < K|A| for
some K > 1. Then 2A — 2 A contains a set of the form P + G where P is a proper
symmetric progression of rank at most CK(1 + log K) and G is a finite subgroup
of Z such that |P + G| = |P||G| > e_CK(1+1°g2K)|A|.
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Exercises

5.6.1

5.6.2

5.6.3

5.64

Let B be a symmetric convex body, and consider the Euclidean Fourier
transform

15(8) := fR p(0e(—§ - x) dé.

Show that this Fourier transform is large on a large subset of the polar body
B°, and use this and the Plancherel theorem on R¥ to establish (5.20).
(A much sharper inequality than (5.6.1) is available, namely Santalo’s
inequality [306], but we will not need this inequality here.)

[157] Let A be an additive set with |A + A| < K|A|. Show that there
exists a finite group Z of order |Z| < exp(O (K °V))|A| such that A is
Freiman isomorphic of order 2 (say) to a subset of Z. (Hint: combine the
analysis of this section with Exercise 5.5.8.)

[154] Suppose p is a prime number, and A is an additive set in Z,
such that |[A + A| < K|A| for some K > 1. Suppose also that |A| <
exp(—O(K M) p for some sufficiently large absolute constant C > 1.
Show that A is Freiman isomorphic of order 2 to a subset of the integers
Z. This is known as the Freiman rectification principle; see [29], [154]
for further discussion.

Let A be an additive set in Z¢ which generates 74, and let B be the convex
hull of A. Show that [nA]| = (1 + 0, (1))n%mes(B) as n — oo. (See
[261] for more precise results of this type.)



