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7.2 The Fourier-analytic approach

Now we present the Fourier-analytic approach of Haldsz. It is convenient to use
the language of probability theory. For any n-tuple v = (vy, ..., v,) of steps in an
additive group Z, we use the notation Xy to denote the random variable

Xy i =€v 4+ -+ €0,

where €y, ..., €, are independent random variables taking values in {—1, +1}
with probability 1/2 for each value. Clearly P(Xy = x) equals the number of
representations of x as €jv; + - - - + €,v, with €1, ...,¢, € {—1, 1}, divided by

2". Note that X, is invariant under permutations of the n-tuple v. We use vw
to denote the concatenation of v and w. The Littlewood—Offord problem then
asks to control the distribution of Xy for a given v, while the inverse Littlewood—
Offord problem asks for some structural information on v given some unexpected
distributional property of Xy.

It will be useful to consider the more general random variables X% for any
0 < u <1, defined as

Xy = e 4o+ el

where e%“ ), ..., e are independent random variables which take the values +1

and —1 with probability /2, and 0 with probability 1 — . Thus X is the
same as Xy when p = 1, and at the other extreme & = 0 becomes the constant
0. The intermediate cases correspond to “lazy random walks” with step sizes
vy, ..., U,. As € can be 0 with considerable probability, one expects X 5’* ) to be
more concentrated than Xy, and this will indeed be the case. In practice, the cases
u < 1/2 are more amenable to Fourier analysis than the © = 1 case due to a certain
“positivity” property which we shall come to shortly.

In this section we shall consider the discrete problem of understanding the
probabilities P(Xé“ ) = x) that a random variable Xf,“ ) concentrates at a single
point. In the next section we briefly discuss the analogous probability P(X W e 0)
for concentration in a cube.

Let us first make some technical reductions to the problem. Firstly, we can
reduce to the case when the ambient group Z is finite. This can be achieved
by applying a suitable Freiman isomorphism of order n to the steps vy, ..., v,
(see Exercise 5.3.3) while noting that this does not affect the distribution of X,.
Secondly, we can reduce further to the case that Z is odd. To see this, observe
from Corollary 3.8 that any finite additive group can be written as the product of
a 2-torsion group and a group of odd order. The behavior of the random variable
Xy, when projected down to the 2-torsion group is trivial (since +v; = —v; in this
group), so we may, without loss of generality, project onto the other factor. Note
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that if the original elements vy, ..., v, lived in some torsion-free group such as
74, then by Lemma 5.25 we could now place the vectors in a cyclic group of odd
prime order. (In doing so we may temporarily obscure some of the “dimensional”
structure of the elements vy, ..., vz, SO In some cases it is convenient to revert
back to the original ambient group at certain stages of the argument.)

With these reductions we can now express the distribution of X, in terms of
the Fourier transform. As usual we fix a symmetric non-degenerate bilinear form
E-xonZ.

Lemma 7.11 (Fourier representation of X,) Let Z be a finite group of odd
order. If v = (vy ...vy) is an n-tuple of elements of Z, then for any 0 < pu <1
and x € Z we have

P(Xi“) = x) = E¢cz cos(2mé - x) H(l — 1+ pcos(2mé - vj)).
j=1

Proof Since the quantity ]_[;zl(l — w4 pcos(2mwé - v;)) is an even function of
&, we can write the right-hand side as

n

Eccze(—£ - x) [ [(1 — 1+ pcos@ré - v))).
j=1

()
j

Observing that 1 — p + prcos(2mwé - v;) = E(e(§ - €
dence of the e;" ), we can rewrite this as
EE¢cze(£ - (XU —x)).

But the claim now follows from Lemma 4.5. O

v;)) and using the indepen-

This lemma already highlights the special role of the case 0 < u < %, as in this

case I — u + pcos(2mé - v;) becomes non-negative. In the further case 0 < p <
L we have the elementary but very useful estimate

4
1=+ peos2ré - v;) =exp (— O(ull€ - vjlIj/z)) (7.1)
where we recall that || x| g,z denotes the distance to the nearest integer.

From Lemma 7.11 we can immediately establish a number of useful bounds on
how one distribution X 5" ) controls another.

Corollary 7.12 Letv = (vy, ..., v,), W= (wy, ..., wy) be tuples in an additive
group Z which is torsion-free or is finite of odd order. Let x € Z.

® (Domination) If 0 < u < ' < 1, and at least one of W' < 1/2 or p < u'/4
hold, then

P(XU) =x) < P(X!W =0) = Eeez [ [(1 =t + pcos2mé - v))).
j=1
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In particular, if u < 1/2, then XY concentrates more at the origin than
anywhere else.
® (Duplication) If 0 < u < 1/2, then

P(X = x) < P(x4/ =)

for all integers k > 1, where we use V* to denote the concatenation of k copies
of v.
® (Holder) If wy, . .., Wy are tuples in Z (possibly of different length) and
0<u<1/2 then
k
(X% _ l—[ X(u) —o)"t
VWW]...W .
Proof As discussed earlier we may take Z to be finite of odd order. In all cases
we rewrite the probabilities using Lemma 7.11. The Holder formula is clear, as is

the domination formula when u' < 1/2. In the case u < u'/4, one observes the
elementary inequality

3 1
| cos(mh)| < 7 + 7 cos(2m6)

and hence (by the triangle inequality)

11— ) + i cos()| < (1 - %) T % cos(270).
The claim then follows from the change of variables £ — 2& (which is invertible
when Z has odd order).
The duplication formula similarly follows from the elementary inequality

M H k
(1 — ) + p cos(270) < ( 1-T)+ cos(2719)> ,
which can be seen by taking logarithms and exploiting the concavity of log(1 — ¢)
in the region 0 < ¢ < 1. O

The above corollary allows one to show that the quantity P(X W =0)is fairly
stable when one tinkers with the tuple v (for instance, by adding or removing
duplicates) and the parameter j, at least when u < 1/2. As an application, let us
give a Fourier-analytic analog of Corollary 7.4.

Corollary 7.13 Letv = (v, ..., v,) be an n-tuple in a torsion-free group Z such
that at least k of the v; are non-zero. Then for all 0 < u < 1 and x € Z we have

P(X{" =x)=0 (\/%) .
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Proof Using the domination property we may take 1 < 1/2. Without loss of gen-
erality we may take vy, . .., v to be non-zero. Applying Corollary 7.12 repeatedly
we have

P(X{V =x) <

for some 1 < j < k. The latter quantity is a standard quantity in the theory of ran-
dom walks' and can be computed combinatorially using Stirling’s formula (1.52),
but we present here a Fourier-analytic approach. We can map v’]‘. via a Freiman
isomorphism to the identity 1 in a large cyclic group Zy, and use Lemma 7.11 to
conclude

k
P(ij’;/z) _ 0) =E:cz, (1 — % + %cos(ZnS/N))

and thus, on taking limits as N — oo,

1 k
P(X1? = ) = [ (1 g o cos(2n$)> dE.
Yj 0 2 2
Using (7.1), it suffices to bound fol exp(—@(kuzé))dé. It is easy to show that most
of the weight of this integral is in the interval (0, C// k) for some large constant
C. The claim follows. O

We remark that in the case u = 1, Corollary 7.4 gives the sharp bound

y 1
P(x{ =) < (“Z?) -o(%)

thanks to Stirling’s formula (1.52). This shows that the Fourier-analytic method
can give bounds which are sharp up to absolute constants.

If the steps vy, ..., v, are sufficiently “high-dimensional” one can do better
than this O(1/ \/lz) type bound; see Exercise 7.2.3.

Now let us give a deeper distributional inequality which relies in particular on
the Cauchy—Davenport inequality (Theorem 5.4).

Lemma 7.14 (Halasz relative concentration inequality) [195] Let Z be either
torsion-free or cyclic of odd prime order. Let v be a tuple in Z. Then for any

! Indeed, a useful heuristic is to think of X i’; ) as behaving (up to constants) similarly to the uniform

distribution on the progression [—+/uk, +/1tk] - v; note that this heuristic is supported by the
Chernoff inequality.
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0<p<w<1withu <1/4 we have

P(x)=x)<0 <\/5P(X‘(j‘) - o)> + O(P(XW = 0)°%/m)
forallx € Z.

Note that the domination inequality only gives P(XY") = x) < P(X?* = 0).
Thus Haldsz’s inequality becomes superior when pu is significantly smaller than
w/, in which case it asserts that X ) concentrates at the origin substantially more
often than X 5“’) does. For some further discussion and more quantitative versions
of this inequality, see [195], [364], [365].

Proof Using the domination inequality we may assume that &’ < 1/2 and x = 0.
We may also take u'/u to be large. By Corollary 5.25 we may take Z = Z,, for
some odd prime p. Introduce the functions F, G : Z — R by

F@) =[] = '+ cos@ns v G@) =] (1 -+ pcos@ns - v))):
j=1 j=1

J J

then by Lemma 7.11 our task is to show that

Ez,(F)= 0 <\/5EZP(G)) + O(EZP(G)Q(M’/M))_

Now let 0 < o < 1 be arbitrary. Observe from (7.1) that if § € Z,, is such that

F(&) > a, then
n 172 /log L
(Z I - vjn%w) =0
Jj=1

JiZ

By the triangle inequality, we thus conclude thatif &y, . . ., &, are arbitrary elements
of theset {§ € Z, : F(§) > a}, then

1
a

n ) 1/2 log
+- 4+ &) v; =0
;n(sl En)  VillR 2 m

If we take m to be Lc\/% ] for some small absolute constant ¢ > 0, another appli-
cation of (7.1) then gives

G+ +&n) > a
In other words we have established the sum set inclusion

m{§el, F&)>a}C{§ecZ,:GE)>al.
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Applying the Cauchy—Davenport inequality repeatedly, we have'
Pz,(m{§ € Z, : G(§) > a}) = max(mPz,({§ € Z, : F(§) > a}), D).

If « > Ez, (G), then Pz, ({§ € Z), : G(§) > a}) < 1 by Markov’s inequality,
and hence

1
Pz,{§€Z,: F()>a}) < %Pz,,({é €Z,:GE$)>a)).

Integrating this in «, we conclude

B2, (FICF 2 B, (G)) < - Bz, (G) = 0 (\/gEzp(m) .
On the other hand, from (7.1) we have the pointwise bound
F(§) < G®/M(g)
and hence
Ez, (FI(F < Ez,(G)) < Ez,(G)°U/1.
Adding this to the preceding inequality, we obtain the claim. O
A modification of the above argument gives a more direct bound on P(X W = X).

Lemma 7.15 (Halasz concentration inequality) [167] Let Z be a cyclic group
of prime odd order, and letv = (vy, . . ., v,) be a tuple in Z with all the v ; non-zero.
Then forany 0 < u < 1 and x € Z we have

P(XW =x) <0 (\/%ngz (; cos(€ - v;) > %)) + exp(—(un)).
(7.2)

Proof Using the domination property we may take u < 1/2. By Lemma 7.11
and (7.1) we have

P(XVV =x) <EzF < Eeezexp (—® (uz g - vjllﬁ/z)> :
j=1

! To be absolutely precise here, we should have written
Pz,(m{§ € Z) : G(§) > a}) = max(mPz,({§ € Z) : F(§) > a}) —(m — 1)/p, 1),

since Cauchy—Davenport inequality only implies |A + B| > min{|A| + |B| — 1, p}, for any two
subsets A, B of Z,. However, the term (m — 1)/p is negligible as we can take p arbitrarily large.
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We can subdivide the right-hand side based on the size of (3_/_, [I£ - vl )" 2,
and bound the above expression by

12
o > exp(—O(m)Pecy (Z g - v,nR/Z) <Vm/u ||+exp(~Quepn))

I<m<cun

where ¢ > 0 is a small absolute constant. Now observe that

1€ - vjllk/z = ©(1 — cos(2m& - v)) (13)

which in conjunction with Lemma 4.5 gives

Ecez & - vjllg,z = OD).

By linearity of expectation we thus have
n
Ecez Y & - v)llR/z = O);
Jj=1
in particular, we see that Pgez(((Z?Z1 & - v, ||fz/z)l/2 < c4/n)) s strictly less than

one if ¢ is small enough. Applying the Cauchy—Davenport inequality as in the
preceding proof, we conclude

" 1/2
Pec; (Z I& - vjufw) <m/u
j=1

<0 (\/:) Pz (Z I - v,nR/Z)l/2 <cvn

Using (7.3) again, we conclude

n 1/2
Pecz (Zns-vn&/Z) <Vm/pu 50(,/ >P§eZ<ZCOS(§ v)) %)
j=1

if ¢ is sufficiently small. The claim then follows from the observation that

Y exp(— @(m)x/ ( )
Il<m<./un

(the geometric decay of exp(—®(m)) being more than sufficient to counteract the
polynomial growth of \/m). O

This bound easily implies Corollary 7.13, and is in fact significantly stronger.
For instance, we have
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Corollary 7.16 [167] Let O < u < 1, and let n be sufficiently large depending on
u. Let v = (vy, ..., v,) be atuple of positive integers. For each integer j > 0, let
m denote the number of times j occurs in v, thus m; == {1 <i <n:v; = j}
Then for any x € Z we have

—1/2,-5/2 2
P(Xs") =x) <0 <M =31 ij>
Jj>0
In particular, if all the v; are distinct, then
P(Xs") = x) < O(,ufl/zn%/z).

We remark that in the u = 1 case, the second half of this Corollary was first
established by combinatorial means in [310] (with the precise threshold given in
[330]).

Proof We may use a Freiman isomorphism to place vy, ..., v, inside Z, for
some very large prime p. A direct application of Parseval’s theorem 4.2 gives

Y 2
Zcos(é ‘v))| =0 (Z m?)
j=1

j>0
and hence by Markov’s inequality

Y 1
PSeZp (;COS(E . vj) > %) =0 (; Zm?) .

j>0

E:ez,

The claim then follows from Lemma 7.15 (observing that exp(—®(un)) =
O(n~"?n=3/2) when n is large). O

Exercises

7.2.1  Show that in the condition pu < u’/4 in the domination inequality of
Corollary 7.12, the constant 4 cannot be replaced by any smaller constant,
even in the most important case u = 1.

722 Ifv=(vy,...,v,) are a tuple of integers, show that

1 n
P(Xi“) = m) = / cos(2rmé) l—[(l — u+ pecosLrv;&)) dé

for all integers m.

723 [167]Let]l < k <nandd > 1,andletv = (vy, ..., v,), atuple of vectors
in RY, be “non-degenerate” in the sense that every proper subspace of R?
contains at most n — k of the vy, ..., v,. Show that

P(X{W = x) = 04((uk)~*?)
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for every 0 < u < 1 and x € R?. (Hint: argue as Corollary 7.13, start-
ing with an expression such as P(Xi’,f/ D= 0) and applying Holder’s

inequality suitably to arrive at a quantity such as P(X Z‘/j 3 Lt )» Where
Kk .wh
wy, ..., wy € R arelinearly independent.) Give examples that show this

bound is best possible up to the implicit constants in the O4() notation.
[364] With the notation and assumptions of Lemma 7.14, establish the
following quantitative special case of the Haldsz inequality:

1 4
1 _ _ (1/16) _ (1/16) _
P(x{V =x) < 2P(xv =0) +P(x{'9 = 0)".

Show that Lemma 7.14 can fail when Z is a non-cyclic finite group. In
particular, if Z = F¢, show that P(X{"’ = 0) can be comparable to 1/3¢
for a large range of u if the tuple v is chosen appropriately. This shows
the pivotal role played by the Cauchy—Davenport inequality in the Haldsz
argument.

Show that if the m; are decreasing in j, then the right-hand side of
Corollary 7.16 cannot be improved except for the implicit constant. (Hint:
compute the variance of X" ).)

Let 0 < u < 1, and suppose n is sufficiently large depending on . Let
v = (vi, ..., v,) take values in an additive set S in Z, for some odd prime
p- Show that for any even integer k > 2 and x € Z we have

k
i ot
P(XW =x) < O | w2072 181K 00 (Z’”3>
jes

where m ; is the number of times j occurs in v, and the A(2k) constant is
defined in Definition 4.26. In particular, if the v; are all distinct, then

P(XU) = x) < Ok (u™ 20~ D281 o)

Thus X\ can only concentrate significantly when the A(p) constants of
the support of v are large.

[167] Let 0 < u < 1, and let n be sufficiently large depending on u.
Let vy, ..., v, be non-zero integers, and let k > 2 be an even integer.
Generalize Corollary 7.16 to show that for any x € Z we have

P(X =x) < Op(n~ "2 %2 Ry)
where R; is the number of solutions to the equation

€1vi, + -+ vy, =0



