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Exercises

9.6.1  [176] Prove (9.13). (Hints: for the upper bound, use the pigeonhole prin-
ciple. For the lower bound, take n — 1 copies of {0, 1}%.)

9.6.2 [176] Prove (9.14). (Hint: modify the inductive argument in the proof of
Theorem 9.28.)

9.6.3 Using Theorem 9.36 and (9.14) to deduce that s(n, 2) < %n. (Hint: first
verify the claim when all the prime divisors of n are less than 11, and
then induce on n.)

9.6.4  [6] Modify the proof of Lemma 9.31 to prove that s(n, d) = O4(n).

9.7 Stepanov’s method

In this section we fix a finite field F, and fix a multiplicative subgroup G of F'*.
The multiplicative structure of G can be determined explicitly:

Lemma 9.39 Let G be a subgroup of F*. Then |G| divides |F*|; thus we
have |F*| = |F| — 1 = |G|h for some h > 1. Furthermore we have the explicit
formulas

G={xeF :x9=1}={":yeF}, (9.15)

and if G+ C F* denotes the orthogonal complement group G* :={£ € F* :
&M =1}, then G+ indexes the multiplicative cosets x - G of G. Indeed if we define
Ge:={xeF*: xIC = £} for all £ € G*, then the sets {G: : & € G} partition
F>*, and one has x - G = Gy forall x € F*.

We leave the easy verification of this lemma to Exercise 9.7.1. In this section
however we shall be more concerned with understanding the additive structure of
G. A convenient way of quantifying this structure is via the sets A(§) C F defined
for all € € G* by

A€ ={xeF:x9=x-1D=¢£}=G:N(G: + D).

It is clear that these sets are disjoint as £ ranges over G*. The relevance of these
sets to the additive structure of G lies in the easily verified identity

|G N (G +x)|=|(G — ) N+Ge|=|A(E™")| whenever £ € G+, x € G, g € G;

(9.16)
see Exercise 9.7.2. As a consequence of (9.16) we have the following identities,
whose verification we leave to Exercise 9.7.3.
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Lemma 9.40 We have ZEEGL |A(§)|=|UE€GL AE)| =G| —1and E(G, G) =
|G|* + |G| ZEEGL |A(§)|%, where E(G, G) is the additive energy of G. If —1 €
G, then we have |A(=£)| = |A&)| for all € € G*.

In [337] Stepanov introduced a method for controlling various additive expres-
sions involving G and related objects such as | A(§)|. For simplicity we shall restrict
our attention just to the task of obtaining upper bounds on |A ()], following [180].
The idea is to use elementary linear algebra to construct a sparse polynomial P
which vanishes to high order on several of the sets A(£). One then applies tools
such as Lemma 9.26 to obtain a non-trivial bound. We illustrate this method with
the following result of Heath-Brown and Konyagin, which gives distributional
information on the sizes of the |A(§)].

Theorem 9.41 [180] Let F = F), be a finite field of prime order, and let G be a
multiplicative subgroup of F*. Let G* and A be defined as above. Then for any
setT' C G+ with [T| = O(|F]*/|G|*), we have

> IA®) = O(min (|G, |G| [T ).

tel
Proof Let 0 < ¢ <« 1 be a small absolute constant to be chosen later. We may
assume that G is large, |G| > ¢~'%, since the claim is trivial otherwise. Similarly
we may assume that I is non-empty and that [T'| < ¢'%|F|?/|G|*, since the claim
for |T'| = O(|F|?/|G|*) then follows by partitioning I" into O(1) sets of size at
most c'P|F3/|G|*.

When |T'| = Q(|G|'/?) then the claim already follows from Lemma 9.40, so we

may assume that |I'| < ¢!%|G|'/2. Let us define the normalized quantities

A= |"IGPPPIT|7'P |, B:=[cGI'P TV
observe from our hypotheses on |I'| that we have the bounds
1<B<A; AB<|G|; A°’l'|<cAB* A+2|G|B < |F| 9.17)

if ¢ is chosen suitably small. By the disjointness of the A(§), it then suffices to
show that

UA(&)‘ =0<1+$). (9.18)
Eel

We now let V' C F[¢] be the linear subspace (over F) of F[t] generated by the
AB? polynomials t*¢?16(r — 1)”19 where 0 < a < Aand0 < b, b’ < B. We first
observe that V has large dimension:

Lemma 9.42 V has linear dimension exactly AB? over F.
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Proof Suppose for contradiction that V had dimension less than A B2. Then we
could find coefficients ¢, 5,y € F, not all zero, such that

Z Z Zcbbt”t”‘G'(z DYl =

0<a<A 0<b<B 0<b'<B

We may assume that there is at least one non-zero coefficient ¢, , oth-
erwise we could divide out by (+ — 1)!°l. But then the polynomial Y ,_,_,
> 0<h—p Cap.0t“t”'6! would have a zero of order |G| at t = 1. On the other hand,
this_polynomial is non-zero and its Newton diagram contains at most A B points,
which contradicts Lemma 9.26 and (9.17). |

We then exploit this large dimension to locate a polynomial which vanishes to
high order on Uger A().

Lemma 9.43 V contains a non-zero polynomial P which vanishes to order A at
all elements of g A().

Proof It is convenient to use an algebraic geometry perspective and work via
commutative rings. Let R be the commutative ring over F' generated by indeter-
minates ¢, ¢!, s, s7!, r, & subject to the constraints

nl=ssl=1, s=r—-1; t‘G|:s|G‘:r;H(r—§):0; et =0;

tel
9.19)
in other words, R is the polynomial ring F¢, s, 57 €] quotiented out by
the ideal generated by the polynomials ¢! — 1, ss™' — 1, s —t 4+ 1, t!6l —r,

SOl — p, [lecr(r — &), and g4, Lett: F[t] — R be the ring homomorphism that
maps ¢ to t + ¢. We shall show that the image «(V') of V has linear dimension
strictly less than A B2. By Lemma 9.42, this will force the existence of a non-zero
polynomial P € V such that ((P) = 0; in other words we can find Qy, ..., Q7 €
Flt,t~ 1 s, s~ r, &] such that

Pit+e)=Qitt " = 1)+ Qa(ss™ =D+ Q3(s — 1+ 1)
+ Q' =) + 0s(s'% = 4) + Q6 [ [ — &) + Qre”

tel

for any indeterminates ¢, ~', s, s ™', r, &. Restricting thistor := & e ', t :=x €
AE)YCF*,s=x—1eF*, t"=x1leF* sl=x-—1D)"1eFX ¢cc
F, we obtain

Px+e)=0(x,x L,x—=1,(x =D g e

which shows that P vanishes to order A at x, which is an arbitrary element of

User AG).
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Itremains to bound the linear dimension of t(V'). Observe that this space is gener-
ated by the polynomials ((¢*¢?1C1(r — 1)?'191) = (¢ 4 &)%(t + &)"1%I(s + £)*1C]. But
by the Taylor expansion of (¢ + £)?I°! and using the constraints (9.19), we have

b|G b|G
(t + )"0 = (P16 <1+< |1 |)t"s+< |2 |>t‘252+~-~>
bIGI\ _ bIGI _ -
_ (1 R P fAFIA-TY
r ( + 1 e+ + A—1 €

In particular we see that (¢ + £)?/°! is equal in R to a polynomial expression in
t,t7', 5,571, r e of degree O(A). Similarly for (¢ 4 ) and (s + ¢)?'1G1. Thus
(V) lies in the space of polynomials in 7, =1 s, 571 r gof degree at most O(A).
Taking out a common denominator of (¢s)~ %", we obtain a space of polynomials
int, s, r, € of degree at most O (A). The variable s can be eliminated since s = — 1
from (9.19). The variable r is limited to have degree at most | A|, again by (9.19).
This shows that the dimension of (V) is at most O (] A|A?), which (9.17) is indeed
less than the dimension A B2 of V, as desired. 0

Let P be asin Lemma 9.43. Since P € V,wehavedeg(P) < A + 2|G|B < |F|
thanks to (9.17). Since P can have at most deg(P) zeroes (counting multiplicity)
in F, we obtain

A < A+2|G|B,

Ua®

Eel

which gives (9.18) as desired. O

Theorem 9.41 can already be used to give non-trivial sum set bounds on G, for
instance via controlling the additive energy E(G, G). In fact we can also control
the additive energy E(A, A) of subsets of G:

Lemma 9.44 [44] Let F = F, be a finite field of prime order, and let G be a
multiplicative subgroup of F* of order |G| = O(|F|*/*). Let A be an additive set
in G. Then we have

E(A, A) = O(IGI|AP?). (9.20)

Comparing this with (2.7) we see that this bound is non-trivial when |A| >
|G|*3. See also Corollary 2.62.

Proof Forevery & € G+, we define the counting function a(£) by

a) = {(a,a) e Ax A:ar —ay € Ge}l.
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We observe that

E(A,A) = |{(a1,ar,a3,a4) E AX AXAXA:a —a = az— as}|
:|A|2+ Z |{(a1,a2,a3,(14)€AXAXAXAZ(/I]—(12203—(Z4€G5}|

teGL

<IAP+ )] o§) sup [{(81.82) € G x G g1 = g2 = ]|
£eGL €Gg

=[AP+ ) a@®)IAE )
teGL

thanks to (9.16). Since |A|? = |A]'/?|A]3/? = O(|G||A|*>/?), it thus suffices to show
that

> a@®IAE D = 0(IGIIAP?).
teGt
From the identity
Y a@ =47
EeGL
we see that it suffices to show that
> a@®IAEN] = O(IGIIAPP).
EeGLAE)2IGA|I712

But from (9.16) we also have the trivial bound

a(§) < [A] sup l{g2 € G : g1 — g2 € Ge}| = |A[|AETD)
81€

and so it suffices to show that
IAEDI> = O(IGII1A]'?).

§eGLAEZIG|IAI7!2

But if we order G+ = {&, ..., £y} in decreasing order of A(E;l), then by Theo-
rem 9.41 we then have

JIAE )| = 0(min(IGI, 1G] j*7)) forall 1 < j < M,
which implies that
_ . 2
IAEHP= > O(GPPj*/j) = 0(1GIIAI"?)
EeGLAE)=|GIAI7/2 Jj=0(AP?/|G)
as desired. O

As a consequence we can now give a sum-product estimate which improves
somewhat on the results in Section 2.8.
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Theorem 9.45 [44] Let F = F), be a finite field of prime order, and let A be an

additive set in F*. Let Q[A] = ﬁ be the quotient set of A, as defined in

Definition 2.49. Then there exists &€ € Q[A] such that

|AP AP
AL A’ |A- A

|A+£&- Al = cmin (IFI,

for either choice of sign +.

Proof 1If |A| > |F|"/? then the claim follows from Corollary 2.51, so suppose
|A| < |F|'/2. Let D be the set of popular quotients,

. * / " . ! " 2|A|2
D:={deF :|{(d,d)eAxA:d/a" =d} > ,

9|A - Al

and let G be the multiplicative group generated by D. Then by the multiplicative
version of Exercise 2.6.10, there exists a coset &, - G of G for some & € F* such
that |A N (& - G)| > |A|/3. By dividing A by &, we may assume that &, = 1.

Lemma 9.46 Let H C G be the set of those & € G such that

lAPIG]  21AP )
|A2+1G|"91A - Al)

|A+$-A|2min(

Then H N Q[A] is non-empty.

Proof Suppose for contradiction that H and Q[A] are disjoint. From Exer-
cise 2.8.4 there exists a § € G such that |[A + & - A| > l/‘f‘ﬂ%l,
non-empty. Thus, G\ Q[A] is non-empty, and is also a proper subset of G (since
1 € Q[A] N G). Next, observe that if £ € G\ Q[A] and d € D, then by Lemma

2.50, all the sums in A + & - A are distinct, and hence

and hence H is

|A?
91A- Al
This shows that D - (G\ Q[A]) € H. Since H € G and H and Q[A] are disjoint,
we conclude D - (G\ Q[A]) € G\ Q[A]; since D generates G, this implies that G -

(G\Q[A]) € G\ Q[A]. But this contradicts the previous observation that G\ Q[A]
was a proper non-empty subset of G. O

|A+(Ed)- Al = |AlIAN( - A)| =

Let £ be as in the above lemma; thus

A3
|A+£&-A| > cmin <|G|, |A]?, ﬁ) )

Note that since |A - A| > |A|, we can drop the |A|* term from the right-hand
side. We will now be done unless |G| < c|A|*/?/|A £ A| for some small ¢ > 0.



